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BBegenue

JTa KHUTa 0 TOM, KaK CKIaIbBaTh dncia. Ckopee Bcero, Bel yBepeHBI, 9TO 5TO OY€Hb IPOCTO.
I/I 9T0O, KOHEYTHO, TaK, €CJIN Ha 0 CJI0KUTH ABa WIX TPpU TUCIA. CJIO)KeHI/Ie JeCATn vduces npeiacra-
BJIAETCA YK€ JOBOJBHO CKYIYHBIM 3aHATUEM. OTI)ICK&TI) Ke CYMMY IEepPBbIX CTa HATYPaAJbHBIX TUCET
XBATUT TepIeHus JUIIL v HeMHOruX. Ho »Ta 3agada pemaercsa 3a HECKOIBKO CEKYH]I, €CIM TOILKO
TOragaThCA IO «IPABUIBLHOTO» CIocoba memcTBuu! A Kak HAUTH CYMMY KBaJIPaTOB IEPBLIX CTAa
HATYpaJIbHBEIX uncea’ IIpounTas 5Ty KHUrY, BB cMOXkeTe pelmaTh Kak 5TH, TaK U MHOIHE APYTHe
3aja4qu. BBl HAy9IuTeCh BHIYUCIATH PA3HOOOPA3HBIE CYMMBbI, HAXOIUTh 3aMeYaTeIbHbIe 3aAKOHOMEP-
HOCTHU B pAdaX IUCEI U 3alIUCBIBATHh UX B BU A€ KPACUBBIX MAaTEMATUICCKUX q)OpMyJI. BI)I y3HaeTe
0 HpeJCTABICHUN YUCEJ TeoMeTpudecKuMu ¢durypamu, o I[Indaroposon Tadbauie yMHOXKEHHI, O
MHODOYTOJBHBIX YMCIAX M APYTUX APKUX 0Opasax, 3aJ0:KEeHHBIX B (PYHIAMEHT MATEeMATUKHU CIIe
IPEBHUME I'PEKaMM.

Kak 4yuraTh 3Ty KHHUrY. 3aHATHE MATEMATHKON — DTO AEATEIHHOCTH aKTUBHaA. M mO106HO
TOMY, KaK HEIb3s HAYIUTHCA BOIUTH ABTOMOOWIL, HE PA3y He MOCUIEB 32 PYJIEM, HETb3S HAY TUThCI
MaTeMaTHKe, He Pelnas 3a1a491. 3aJadd COCTABIAIOT 3HAYATEABLHYIO YaCTh DTOU KHUTH U, paboTas
HaJ KHUTOU, BBl MOMKHBI cTapaThCsa ux pemuTh. He cTpamao, ecoiu mpu 3Tom Bam Gy ayT momoraTh
APY3bs WIN yuuTenb (HEKOTOPBIE 3a1a4du NOBOIBHO TpyaHble). OruacTn Bam momoxer u cama
KHUTA — 3HAYUTEIbHAA 9aCTh OCHOBHOIO TeKCTa (KpoMe 3amad u3 §11) cHaGxKeHa yKA3aHUAME U
orBeTamu. OTHAKO OYEHb BAXKHO, ITOOBI HTa MOMOIIL He JUInIa Bac TOro yI0BOJILCTBIA, KOTOPOE
MOJIYYIACIIb CAMOCTOATEILHO TOKOMABIINCH M0 PerleHus!

Ecin B kakon-to momenT Bam mokaxkercs, 1To 10, 9T0 Bbl unTaere, Bam yxke Xoporno u3sect-
HO, & TperaraeMble 3aa9u CJIUIIKOM MPOCTHI, — 3arasauTe B Kouer §5 mim B §§9, 11. Permenus
VMEIOIINXCA TaM 3a1a4 (CaMble TPY/IHBIE U3 HUX OTMeYeHBl 3Be310YKON) MOTYT 3aHATH MHOTO Bpe-
MEHU, & TO U OKA3aThCA HE 10 CIIAM TayKe MPO(ecCuoHATbHBIM MaTeMaTukaM. He oTdanBanTecs,
eCJIM OHM He PelIaloTCs, — MOMpoOyuTe eme pas!

U nocaenuee. Kuury ve 06s3aTeIbHO YUTATEH TOAPSAT «OT KOPKY 10 KOpKm». HagaTs paboraTs ¢
HeW MOXKHO U ¢ cepeAunbl (Hampumep, ¢ §4 win ¢ §6), n ¢ korua (§9 win § 10) u gake 0 THOBPEMEHHO
¢ HEeCKOTBKUX MecT. /[oBoMbHO cKOpo BoI 3ameTuTe, 9TO B Pa3HBIX YaCTAX KHUTHU C PA3HBIX TOYEK
3peHus OOCYXKITAITCA OTHU W Te Ke Belu. EcIn Kakou-To crnocol paccyX)aaTh MpHiencs Baw
0COOEHHO MO BKYCY, TO MOCTAPAUTECh MPUMEHATEH €ro MOoYalle U OBIAIETh UM, HO He 3a0LIBAUTE,
YTO HACTOAIIMKA MACTEP MPEKPACHO BIATEET BCEMHU TOCTYMHLIMU WHCTPYMeHTaMu!

§ 1 dopmyJbl U TLIOHIA A

Koneuno, Bcem xoporirno 3uakoma (poOpMyaa Mg MAOMAIN TPAMOYTOJbHUKA CO CTOPOHAMU @ U
b, yrBepx patomas, 9o S = a - b. OxaswiBaeTcs, 3Ty (HOPMY.Iy MOKHO MCIOJb30BATH HE TOJBKO
IS BEIYUCICHUA ILIOMA LN, HO U 1A WLTIOCTPAIMA U JaXKe JOKa3aTeIbCTBA Pa3INIHBIX aaredpa-
NYeCKUX WIn apudMeTHdecKux TeopeM. Tak, Hampumep, IPOCTEUIIYIO (POPMYIY COKPAIIEHHOTO
YMHOXKEHUA:

a’> —b* = (a+b) (a—0b) (1-1)

MOXKHO IMOHUMATh KaK yTBEPKICHIE O TOM, 9TO €CIA U3 KBaIpaTa Pa3MepPOM ¢ X ¢ BHIPE3aTh KBa-
IpaT pasmMepoM b X b, TO morydeHHasa purypa 6yIeT UMeTh Ty XKe ILIOMALb, 9TO U IPAMOYTOJLHAK
co cropoHamu a + b u a — b.



a+b

Puc. 1.1. a® — b%. Puc. 1.2. (a + b)(a — b).

Ananornano, popmyay (a + b)? = a? + 2ab + b*> MOXKHO BOCHIPUHUMATH KaK yTBEDKICHHE O TOM,
ITO KBAPAT CO CTOPOHOU @ + b MOXHO pa3pe3aTh HA UeTHIPE IaCTH: IBa KBAAPaTa CO CTOPOHAMHU
a u b u 1Ba MPAMOYTOJIBHUKA Pa3MepoM a X b:

Puc. 1.3. (a + b)? = a® + 2ab + b*.

U TOKA3aHHBIN HA puc. 1.3 crnocob paspesanus doxasvisaem 3Ty (popmyay. Touno Tak xe u Gpop-
myay (1-1) s pasHOCTH KBagpaTOB MOXKHO J0Ka3aTh, pa3pe3as ¢urypy Ha puc. 1.1 Ha Kycku u
CJIOXKUB 3aTeM U3 dTUX KyckKoB (purypy Ha puc. 1.2.

3AIAYA 1.1. Jlokaxure dopmyay a’ — b?> = (a — b)(a + b) paspesanmem u cKIaIbIBaHEEM. MOXHO JTut
MIpPA 5TOM OOGOUTHUCH POBHO OJHUM PA3PE3OM?

Boob6me, xopomas kapTuHKa 9acTO OBIBAeT HAMHOI'O yOeauTeldbHee MIUHHBIX (DOPMATBLHBIX aJare-
OpamdecknxX BBIKJIAIOK W I'OPa3I0 JYIIle 3aTOMIHAETCA.

SAITAYA 1.2. [lpuaymManTe reOMETPUIECKOE NOKA3ZATEALCTBO (HOPMYIHI

(a—b)?=0a®—2ab+0*.

3AIAYA 1.3. [IpugymaiiTe KapTUHKY, gaomyo dbopMmyry &ua (a + b+ c)?, u mamummTe 5Ty GopMyIy.
3AITAYA 1.4. Hangure popmyry aaa' (ap +ag + -+ + an)Q.

!BmecTo ymorpebienus pasHeIX OyKB andaBATa B MaTeMaTHKe MPUHATO (0COGEHHO, ecrw OyKB He XBATAeT)
UCIIONB30BATH (HYMEPOBAHHBIE OYKBED (OYKBBL C MHAEKCAMU): A1, A2, A3, - - - -



§ 2 Hucaa u purypsl

B zajgadtax o meablx 9ucaax 0CoOOHHO MPUATHO PUCOBATH KAPTUHKM Ha KJaeTdaTon Oymare. Ec-
JIU CTOPOHBI MHOTOYT'OJBHUKA WAYT IO JUHUAM KJIETIATON OyMaru, TO ero ILOmalhL OyIeT paBHa,
YUCIY KJAETOK, M3 KOTOPBIX OH cOocTOMT. Hampumep, MpaMOYTOJIbHUK C HETBLIMIA CTOPOHAME ¢ U b,
UIYIIIMHA TI0 JAHAAM KJIETOK, COCTOUT B TOYHOCTHU U3 ab KaeTok. HTepecHo, ITO IpeBHUE IPeKn
NMEHHO TAaKMM OOpa3oM M MPEeICTABIAIN ceGe TAOMUIy YMHOXKEHHT, PUCYA ee KaK MOKa3aHO HAa
puc. 2.1. I'me B »Tou Tabiuie pacloJoKeHBl KBaApPATHl MEJIBIX dncen! EcTh Ju y Hee oChb CUM-
MeTpuu?! Berpedaorcsa g B TabaUIe Pa3IUYHbIE MPAMOYTOJIBHUKYE, COCTOAILINE U3 OIMHAKOBOI'O
YHUCIa KJICTOICK !

Puc. 2.1. ITudaroposa Tabauma ymuoxenus (VI B. 1o P.X.).

SATAYA 2.1. [laiTe T€OMETPUUECKOE AOKAZATEILCTBO MEPEMECTUTENLHOMY 3aKOHY YMHOXEHUA: ab =
ba, T. e. OOBACHUTE, TTOYEMY BBLITOIHAECTCA PABEHCTBO

at+a+---+a=b+b+--- +b

b pa3 a pa3

SATAYA 2.2. CKOIBKO CYHIECTBYET PA3IUIHBIX TPAMOYTOILHUKOB, COCTOAIINX POBHO n3 12 xaeTouek?
Kakue n3 Hux He momaju B TaOIUIy YMHOXEHWUA HA puc. 2.17

SATAYA 2.3. Hamaure Takoe HAMMEHBIIEE FTUCIO 7, 9TO CYIIECTBYET POBHO MATH PASIUIHBIX MPAMO-
YTOJBHUKOB, COCTOAIINX POBHO M3 7l KIETOYEK.

Nzo6paxenne [qucen GurypkaMu Ha KIETUNTOW OyMare CBA3BIBAET ¢ MHOIMMHU YHUCIAMU SAPKUE
reomeTpuieckue o6paswl. Tak, ducTa BUAA @ - G C AHTUIHBIX BPEMeH Ha3bIBAIOTCA KBaIPATAMM.
SAITAYA 2.4. Bemumure nepsoie 13 KBaAPATOB HEAbIX IUCET W HAUIUATE CPEAUN HUX KBAPATHI, ABIAIO-
myecsa CyMMaMu ABYX APYT'UX KBaApaTOB.
HOMI/IMO KBaJApaTOB, MPUCTAIBHOE BHUMaHNE OPEBHEI'DEYCCKUX MaTEeMaTUKOB HIPUBJICKAJIU Tpe-
YIr'OJIbHBIC 9IUCIa Tn; PaBHBIE KOJIMYICCTBY KJACTOK B IPDAMOYI'OJIBHBIX CTYNEHYIATHIX TPEYTIOJbHUKAX
THTIA TOKA3aHHOTO Ha puc. 2.2. [lepBble HECKOIBKO TPEYTOMBHBIX TUCET M300paKeHbl Ha puc. 2.3



I

lel T2:3 T3:6 T4:10

Puc. 2.2. Tpeyroibaoe 9uco. Puc. 2.3. Hagamo pama TpeyroabHBIX YHUCET.

SATAYA 2.5. IIpogoaxuTe >TOT pAx U HauguTe mepsbie 10 TpeyroabHBIX 9HUCe.

SAMAYA 2.6. Yro 3a uucaa OyayT MOMNYYATHCA MPU CAOKEHUM MAP MOCIEAOBATEILHBIX TPEYTOJbLHBIX
aucen: Ty + Ty, To + T3, Ts + Ty, ... 7 ChopMyaupyuTe COOTBETCTBYIONUIYIO TEOPEMY U TOKAKUTE €€
reOMeTPUIECKN.

SAITAYA 2.7. CroxuTe NIPAMOYTOJLHUK U3 IBYX OJMHAKOBLIX CTYIEHYATHIX TPeyroabHUKOB Ty, KakoBer
ero cropousl? [loayuuTe orciona asayo dopmyry mit 1r,.

3ATAYA 2.8. Ha puc. 2.4 u3o6paxen pal «CUMMETPUYIHBIXY CTYNEHYATHIX TPEYrOaAbHUKOB. CKOMBKO
KJIeTOYeK B Kaxkaou Takou purype? Kakum panoMm dmcen BeIpax)aoTca ux miomanu ! Kak 5To 065b-
SACHUTH T€OMETPUIECKU !

0 O |

Puc. 2.4. CuMMeTpUIHBIE TPEYTOIbHUKHA. Puc. 2.5. YToJ0K.

1

3AIAYA 2.9. Kax paspesaTs yroaok Ha puc. 2.5 Ha deTwpe paBuble' wactu? (?)

3AMAYA 2.10. Kax paspesars mpamoyroabHuk 9 x 16 Ha aBe 9acTH, M3 KOTOPBIX MOXHO CIOXWUTH
KBaIpaT?!

3AIAYA 2.11. Jloxaxure Teopemy Juodanta: 8T, +1 = (2n+1)? (mampumep: 8-14+1 = (2-1+1)2,
8:3+1=(2-2+1)2um. ).

WuTepecHo HAUTH reoMeTpudueckoe pemenne 3am. 2.11: kak paspe3aTh KBAaJApaT ¢ IPOU3BOJILHON

HEYIeTHOU CTOPOHOU Ha 8 OMMHAKOBHIX CTYIEHYATHIX TPEYTOJILHIUKOB U OIWH JUIIHUKA KBAIPATHK !

Mer yke Bugen, 9TO TMOIYIaeTCA, ECAN U3 KBAAPAaTa CO CTOPOHOU G+ b BHIpe3aTh ABa KBaApaTa

co cropoamu a u b (cm. puc. 1.3). A 9T0 HOXYIUTCA, €CAM OT CTYNEHYATOTO TPEYrOJbHUKA CO

CTOPOHOM M + M OTPe3aTh TPEYTOJbHUK CO CTOPOHOM 11 W TPEYTOJIbHUK CO CTOPOHOU N7

SAITAYA 2.12. lokaxuTe TEOPEMY CIOXEHUs TPEYTOAbHBIX uucen: Tmin = T + T + mn.

!HamoMHMM, ¥TO ABE (PUIYDPHI HA3LIBAIOTCA PABHEIMHU, €CIM UX MOMKHO COBMECTUTDL HAJOMXKEHUEM.
2YremuTensHAs BEPCHA STOH 3aJa4l: Pa3pekbTe KBAIPAT HA IATH PABHEIX JaCTeH.



§ 3 Pa3spezanusa u cyMMbI

[ToacuauTaeM, u3 CKOIBKAX KJIETOYEK COCTOUT CTYMEHIATHIM TPEYTOJIHHUK BHICOTOU B 7. KJIETO-
vgek. [IJs 5TOro paspexkem ero Ha TOPU30HTAIBHBIE TOJOCKU IMAPUHON B OJTHY KICTOUKY:

1 k.
2 KJI.
3 KII.

Puc. 3.1. Pazpesanue TpeyroibHOro 9nMCaa Ha MOJOCKH.

CaMbIil BepXHUU 5TaxkK COCTOUT U3 OJHOU KAETOYKHU, CACAVIOMINNA — U3 ABYX, IIOTOM — U3 TPeX
u T. 1. Ha camoMm HmXHEM, n-oM dTaxe, JEXHUT IIOJIOCKA M3 N KJISTOK. TakuMm obpasoMm, 1, =
1424344+ -+ +n, TO eCTh N-0€ TPEYLOJBLHOE YUCJIO MPEICTABIAET COOOU CYMMY MOCIEI0-
BaTeabHBIX duces oT 1 1o n. Ho B 3ax. 2.7 MBI yXe BBIYUCIWIA TPEyroabHOe uucao 1), pa3pesan
IPAMOYTOJIBHUK N X (n + 1) Ha IBa CTYMEHYATHIX TPEyroabHUKA:

1,
2T, =n(n+1)

T,

n+1

Puc. 3.2. @opmyaa a1 n-TOro TPEyroJabHOTO IUCTA.

1
Mer NONYYUINA 3HAMEHUTYIO (POPMYIY: To=1+2+3+..+n= @

[TocMoTpuM Temnepb, ITO MOIYIATCA, €CAN AHATOTHIHBEIM 00pa30M pa3pe3aTh «CHMMETPUIHLIN)
CTYNEeHYATHIN TPEyrOABHUK BLICOTHL 1 (cM. 3a1. 2.8 u puc. 3.3).

T

-

Puc. 3.3. Paspe3zanue cuMMeTPUIHOIO TPEYTrOJbHUKA HA TOJOCKH.

3ATAYA 3.1. Ckombko KJIeTOUYeK B k-OM, cuuTas cBepxy, sTaxe?! A B camom mHuxHeMm sraxe! Hamum-
MUTE COOTBETCTBYIOILYIO CyMMy (T. €. IPeACTaBbTe ILIOMALL (PUTYDPHI HA PUC. 3.3 B BUAE CyMMBI N

CJIAraeMBbIX ).



SAMAYA 3.2. B zax. 2.8 u 3am. 3.1 MbI AByMA CIIOCOGAMY TTOCIUTAIY TIOMA AL CUMMETPUIHOTO CTYTIEH-
9aTOr0 Tpeyroabarnka. Kakyio gpopMyny mis CyMMUPOBAHUA MBI DU DTOM MONyInin! Beimumure ee
SBHO.

3ATAYA 3.3. Ilpennmoxure «CTYyOEHIATYIO KAPTUHKY» A BBIYUCACHUS CyMMBI MTOCAEIOBATEILHBIX He-
9eTHBIX mcen 1 +5+ 9+ 13 4 -+ w HanummTe COOTBETCTBYIOMWYIO (HOPMYTY.

N claraeMbIX
Pasymeercs, purypsl MOXKHO paspe3aTh He TOJIBKO Ha IPAMOJNHENHBIE TOJOCKT, HO U, CKaYXKeM, Ha
«yroaKm» (PpeKu HasbiBaau [-006pasHble (PUTYPKU (PHOMOHAMMY ).

L]

Puc. 3.4. Pa3zpe3zanue kBajgpara. Puc. 3.5. Pa3zpe3anue TpeyroibHUKA.

.
3AAYA 3.4. PaccMoTpuM psaj «paBHOCTOPOHHUX» THOMOHOB: [, H- , @ID »H , - - . . CKOIBKO KIeTOYEK

B k-ToM m3 Hux? Ilomaysack puc. 3.4, eme pas goxaxure hopmyry 1+3+5+7+ --- +(2k —1) = k2.
3ATAYA 3.5. Kakas cymMMa COOTBETCTBYET MOKA3aHHOMY HA puc. 3.5 cmocoly paspe3aHud CTYIeHIATOr0
TPEeyronrbHUKa, (FUMOTEeHy3a KOTOPOTO COCTOUT U3 HEeYeTHOro wucaa n = 2/ + 1 kneTok)?
Ecth n npyrue Jm060nbITHBIE CTIOCOOBI Pa3pe3aHus MPAMOYTOJILHUKOB U KBAIPATOB.

SAMAYA 3.6. U3 CKOTBKUX KIETOK COCTOUT «paMKay paszmepa n X n ¢ puc. 3.67 Kakasa cymma moayaurcs
[IpU Pa3spe3aHuy KBaapaTa n X n Ha Takue paMku! (O6paTuTe BHUMAHYUE HA TO, ITO 7 OBIBAET IETHLIM
u HedeTHBIM | )

R

n

Puc. 3.6. «Pamxay. Puc. 3.7. «Bopora».

3ATAYA 3.7. [IpuaymanTe pasmudHble BAPUAHTH PA3pe3aHua TPAMOYTOJIbHUKOB U KBAJAPATOB HA MPA-
MOYTOMBHBIE «pAMKW (puc. 3.6) wim «soporay (puc. 3.7) m HanmumuTe GOPMYJIBI IIA COOTBETCTBYIO-
IIAX CYyMM.

3AIAYA 3.8. Hanaure mnomans [udaroposon Tabmunsl ymaoReHus (cM. puc. 2.1) aucen ot 1 1o n. Yo
33 TOXIECTBO TMOIYIUTCA, €CAU PA3PE3ATH DTY TAOIUILY MO XUPHBIM JUHUAM HA, (TOJCTHIEY YTOIKU?!
(CoBeryeM cHavama MOACIATATH IIOUALL k-TOTO yrOIKA.)



§ 4 Apudpmeruveckas nmporpeccus

SHAMEHUTAasA MaTeMaTHIeCKas JereH1a IACUT, 9T0 B 1787 roay B OMHOU M3 CAKCOHCKUX HAPO -
HBIX [ITKOJI IIPOW3OIIET TAKON CAydal. Y IUTENb, XKeJIasd 3aHATH YICHNKOB Ha HEIBIX YPOK, MIPEII0KLT
UM CJOXUTH BCE HATYpPaJdbHBIE YUCAA OT OJHOT'O 0 CTA.

3AIAYA 4.1. Yemy pasua cymma 1+ 2+ 3 + - + 1007

He ycnmen yuuTens HanmucaTh yCJIOBHE 3alavd HA T0CKe, KAK OMUH U3 YIEHUKOB BCTAJI U MOJOXKMT HA
YIATENIbCKUN CTOJ CBOIO TPUeTbHYIO J0CKY ¢ 0TBeTOM. CleyeT 3aMeTUTh, ITO B HAPOJHBIX ITKO-
JaX KX b YIeHUK UMeJ CBOIO MMEHHYIO rpuderbHyio 1ocKy. Korma yIeHuK BBIMOJHAT 33, IaHTe,
OH KJaJ CBOIO IPpU(EIbHYIO TOCKY B CTONKY HA CTOJ YIUTEII cBepXy. [IpoBepsas pelnrenus, yInTe b
3HAJ, ITO VIEHUK, IbsA TOCKA Jeraa CBepXy, cAeaan pelieHue MOCAeTHUM, a TOT, IbA JOCKA JeXKUT
CHU3Y — TMepBLIM. EcTecTBeHHO, YINTETb MOHAYALY OUeHb PACCEPIMICA, PEIIUB, ITO VIeHUK TOJIe-
HIUICS CIUTATh aKKYyPATHO U CHAJT CBOIO AOCKY IS TOTO, ITOOBI OTAETATHCA OT 3amanusa. O THAKO,
K YIUBJIEHWIO YIUTEIS MPABUILHBIN OTBET ObLT HANUCAH TOJBKO HA TPU(ETLHOU JTOCKe, JeKAIlen
B CAMOM HU3Y. YUeHWKa, OBICTPO W MPAaBUIBHO PEIUBIIEro 3a1a4dy, 3saaun Kapa @pugpux [aycc.
BnocaencTBunm oH cTaq OTHUM M3 CAMBIX M3BECTHBIX MAaTEMAaTHKOB MUPA.

B sTou ucropun memaao Bonpocos. Kak yraaocs oHoMy ['ayccy Tak OBICTPO COCUMTATH CYMMY
cra qucen! [louemy mpaBUIBLHBIN OTBET OBLT TOABKO y Hero? OmubKu OCTATLHBIX YIeHUKOB JETKO
HOHATH W MPOCTHUTH: Belb OHU CTO pPa3 CKJIAMBIBAINA YUCTA; HU Pa3y HE OMUOUTHCA 31eCh OYeHBb
TpyaHo. ['aycc xe, MO-BUIMMOMY, BMECTO DTOT'0 TIEPEMHOXKUAI KAKNe-TO ABA IUCIa, HATTPUMEp, TaK:
[IEPBOE PENEHUE 3AJAYNY 4.1 (cmocoB I'AyccA): Hamumem cymmy aBa pasa, TOJBKO BTOPOU pa3
B 00paTHOM HOPAIKE, M CJIOKKM UHUCIA B CTOJIOUK:

S=1 4+ 2 4+ 3 + -4+ 98 + 99 + 100
S =100 + 99 + 98 +--- 4+ 3 + 2 + 1
25 = 101 + 101 + 101 + --- + 101 + 101 + 101

[Tockoabky Takux craraembrx 100 mryk, 2.5 = 100 - 101. CaegoBaTeabHo,

100101
N 2

S = 50-101 = 5050 .

Owennb moxoxke Ha MpaBIy, ITO [‘aycc MMEHHO TaK BBIYUCAUI DTy CYMMY — Belb YMHOXWUTH 50 Ha
101 merxo u B yme. Ho MoxkHO nmpemioxuTs u gpyrue cnocobwl pemnreHus 3amaqn 4.1.

BTOPOE PEMEHUE 3AMAYM 4.1. Crpymnmupyem ciaraeMble He TaK, KaK OHU HAIMCAHBI B YCJIOBUU
3a/1a9M, a 10 IpYyromy:

100+ (99+ 1)+ (98+2)+ --- + (51 4+49) + 50 =
=100+ 100 -9 + 50 = 100 - 50 + 50 = 5050

MoxHO 6BLI0 OBI TPYIIIUPOBATD CJIaraeMble U TaK:
(14100) 4+ (24 99) + (34 98) + - -+ + (50 + 51) = 50 - 101 = 5050

3AMAYA 4.2. [locunranTe BTOpbIM crioco6om cymmy 1 4+ 2+ 3 + - - - + 49 u npoBepbTe OTBET METOAOM
Taycca.



SAMAYA 4.3. KakuMu reoMeTpuvIecKUMU Kap TUHKAMYU MOXHO U300PA3UTL MEPBBIA U BTOPOU CIOCOOBI
perrenus 3ana<u 4.17

SAIAYA 4.4. Boraucaure CymMMBbL:
A) 14+24+3+44 -+ +999 + 1000
B) 101 + 102 4+ 103 4+ - -+ 4+ 200
B) 101 + 103 + 105+ --- + 197 + 199
r) 400 + 401 +402 + --- + 700

[Tonmpo6yeM Temepb BHIACHATDH, KAKOE CBOMCTBO CIATaeMBIX MO3BOJIIIO IOHOMY layccy Tak ObI-

CTPO COCYIUTATH CYMMY CTa THUCEJ. I[.HH STOr'0O MONbBITaeMCA METOIOM Faycca HAUTH CYMMY YHCeJI
ay, ag, ..., Q:

S = a1 + Qo + as + -+ Qp—1 + A
S = ag + Ar—1 + QA2 + -+ a9 + aq
28 = (a1 +ag) + (aa+ap 1) + (a3+ag o) + -+ + (a1 +az) + (ax+a)

Yro6sr MmeTo ["aycca paboTan, HYKHO, 9TOOBI Bce CKOOKM OBLTA PABHBI APYT APYTY:
a; +ar = Qg +Qx—1 = Q3 + Ap_o =

OTO CBOUCTBO BBLIMOJHACTCA, HAIPUMED, IIA TAKUX MOCIEIOBATEILHOCTEN:

1,2,3,4,...,1000,
101, 103, 105, ..., 197, 199,
3,6,9,12, ..., 135;

1 BOOOIIE I BCEX MOCAEIOBATEILHOCTEN, ¥ KOTOPHIX PA3HOCTH MEXIY COCETHUMU YIeHAMU IO0-
CTOSHHA.
SATAYA 4.5. [lokaxure, ITO €CJIA Gy — G] = A3 — 0o = Q4 — A3 = -+ = G — Ak_1, TO U a1 + ap =
G2 + Qfg—1 = 03 + Gp—2 =
ONPEAENEHUE. IlocaeqoBaTelbHOCTE, KaXKABIH CICAYIOMAN IIeH KOTOPOU MOJYIACTCA M3 IIPETbI-
AVIIero go6aBIeHHEeM OJHOTO U TOTO XKe THCIA d, HA3BBIBACTCA apudmemuueckoti npoepeccuet, a
5TO IHCIO d HA3BIBACTCA PA3HOCMbIO APH(PMETHICCKOU IPOrPEeCCHH.
Takum o6paszom, B apudMeTUIECKON TPOCPECCUU (1,09, . .., 0 C PA3HOCTBIO d MBI MMEeM
d=ay— a1 —=a3— Ay = -+ = Qp — Q1.
3ATAYA 4.6. [JokaxuTe, ITO CYMMA, WIEHOB KOHETHON apU(PMETUICCKON IPOrPECCUN PABHA IMOJIYCYyMMe
[EPBOrO U TMOCIENHEr0 WIEHOB, YMHOXEHHOU Ha KOIUIECTBO CAAraeMbIX, T. €. 970 S = n (a1 + ay,)/2.
Hassanue «apudmerndeckas Iporpeccuay CBA3AHO ¢ TeM, YTO KaXK BN WieH apudpMeTHIeCKON
IPOTPECCUN PABEH CPEIHEMY apupPMETHIECKOMY ABYX CBOUX COCEIEH.
3ADAYA 4.7. [lokaxure 5TO, T. €. IPOBEPHTE BHILIOIHEHNE PABEHCTBA a; = (@j—1 +a;y1)/2 A1 KaXI0TO
i=2,3,...,(k—1).
SATAYA 4.8. HokaxwuTe u 06paTHOE: €CIU B MOCTEJOBATENLHOCTH a1, A2, ... , () Ka)K,qLIﬁ 11€H, KpOMe

IBYX KPAWHUX, PABEH CpeqHeMY apu(pMETHIECKOMY CBOUX COCEIEN, TO TaKad MOCIeIOBATEIHLHOCTD
SABIAETCA aAPUPMETUIECKON TTPOTPECCUEN.

SAITAYA 4.9. Hamaure cymMmbr:

A) IIEPBBIX CTa HEYCTHBIX IIOJOXUTEJIbHBIX “THUCEI;
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B) OEPBLIX OABYXCOT YETHBIX IMOJOXUTEIBHBIX YTUCET;
B) IEPBLIX NATUACCATHU IMOJMOXKUTEIBHBIX TUCEN, TAIINX OCTATOK 1or OeJICHUA Ha 3,

') BCEX TPEX3HAYHBIX TUCEN, TeIAuXca Ha 13.

S3AMAYA 4.10. Beiacaure, yemy paBHO:
A) 1990-0e "eTHOE MOMOKUTENBHOE TUCIIO;
109-0e HEUETHOE MOJOXKUTEIHHOE THUCIIO;
N-0€ YeTHOE MOMOXUTEILHOE UCIO;
Nn-0€ HEeYeTHOE MOJOKUTEIHLHOE TUCIIO;
n-0€e TOJOXUTETLHOE TUCIO ¢ OCTATKOM 1 OoT meneHus Ha 4;
E) n-0e HOJOXUTEIbHOE TUCIO ¢ OCTATKOM 6 OT gereHus Ha 8.

SAITAYA 4.11. Yemy paBeH n-bii wieH apudpMETUISCKON TTPOTPECCAN, HATMHAOMENCA C ¢ W UMEIOIIen
pasHOCTb d ?

3ATAYA 4.12. B uemnumonaTre o ¢pyT60ay yIacTBoBaIO 16 KOoMamg. YeMnInoHAT TPOBOAUMICA MO KpPY-
COBOU CHUCTEME B B KPyra — 5TO O3HAYAET, YTO KAXAad KOMAHIA UCPAIa C KaXIOU ABA MATUA.
CkOIBKO BCEro Marden ObUIo ChHIrpaHo? CKOIBLKO BCErO OYKOB OBLIO PA3BLIIPAHO, €CAU 33 TOo6ery
IaBATOCH 2 09Ka, 33 HUIBI0 — 1, 3a mopaxenne () oukoB?

3ATAYA 4.13. Ha miockoctu gamo n Todek. CKOIBKO MMEETCA OTPE3KOB C KOHIIAMM B ATUX TOIKAX !
SAITAYA 4.14. CkoIbKO AMATOHANEN B BBIMTYKIOM N-yTOJLHUKE?

3AIAYA 4.15. Ha ckonbKO 9acTen AeIAT IIOCKOCTH N IPAMBIX, JIO0ObLIE IBE N3 KOTOPBIX MEPECEKAI0TCA,
OJHAKO HHKAKWE TPU He IMePECEKAIOTCA B OHOU TOUKe?!

MHoroyroabHbIE YUCAa. YTTOMIHABIINECA HAMU paHee Tpeyroabhbie uncaa 1y = 1,71, =142 =
3, T3=1424+3=6,T,=1+24+34+4=10,... MOxKHO ObLTO OBI PUCOBATH TaK:

T T; T3
Puc. 4.1. TpeyroabHbIe qHUCTA.

[Tomo6HBIM Ke 06pa3oM MOXHO PUCOBATH W YeTHIPEX-, U MATH-, U MIECTU-, X BOOOIIE, N-yTrOJIbHBIE
qucaa. Bor, HanmpuMep, KApTUHKT M1 I€THIPEXYTOJbHBIX TUCET:

1 4 9 16 7 T.X.
Puc. 4.2. YeTHIpeXyroJabHbBIE THUCIA.
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Taxum 06pa3oM, 4eTHIPEXYTOTBLHBIE YACIA — DTO MPOCTO KBAAPATHL. [laTuyroabusie uncaa P = 1,
P,=5 P;=12, P, =22,... BBIIAIAT TaK:

Puc. 4.3. [laTuyroasHble qucIa.

3ATAYA 4.16. Hapucyure v BEIYUCIATE MEPBHIE 4 MECTUYTOMBHBIX TUCIA.

SAMAYA 4.17. CyMmmaMu KakuX apupMETUIECKUX TPOTPECCUEN ABIAIOTCA MATHA- U MIECTUYTOJbLHBIE
qnciaa? A k-yroapunie uncaa? Hamummre GopMyly AIS n-Oro mATH-, MIECTU-, CEMHU- U k-yTCOJILHOTO
quce.

SATAYA 4.18.
A) HoxaxuTe, IYTO n-0e MECTUYTOJbHOE UUCIO HA 7 MEHBIE, IeM CYMMa, N-0T'0 TPEYTOILHOTO U’
OATUYTOJIBHOI'O YHUCEI. Hor[po6yf/'1Te PEMINTh 3Ty 3amMady AByMs crocobaMu: aarebpamvdecKum u
FGOMeTpI/I‘IeCKI/I.

B) ChopMyaupynTe u JOKAKUTE AHAJIOTUIHOE YTBEPKACHUE IS CEMU- U BOCBMUYTOIBHBIX TUCEIL.

B) Bepno am, ato cymma n-teix (k + 1)-yroasmoro u (I + 1)-yroasHoro gucea Ha n 60JbIIE N-TOTO
(k 4+ [)-yromsroro wucaa?

SATAYA 4.19. B copeBHOBaHUE O CTpeabOe 3a KaXIbIM TPOMAaX B CEpUU W3 25 BHICTPEJIOB CTPEIOK
moayIaeT mTpadHBIE OUKY: 33 TIEPBLIX TPOMaX — OJHO MTPa(HOE 0YKO, & 33, KAXK JHIU TOCIE YOI
— Ha 1/2 ouka Gonbie, dem 3a npeasiayumin. CKOILKO pa3 Momal B Heldb CTPEIOK, IMOLYIUBIINK 7
IITPpadpHBIX OIKOB?

§ 5 Yragau orser

Bompeku pacxoxemy MHEHWIO, MaTeMaTHKa — 5TO BO MHOT'OM DKCIEPUMEHTAJbHAS HayKa.
Torpko DKCepuMeHTH MaTeMaTWKN MPOBOAAT HE CAWBAsdA, MOMKWATAS WIX B3PBIBAsA UTO-HUOYIH,
a B yMe, Ha Oymare, mim, B KpawHeM CJaydae, Ha KOMIbIOTepe. B »ToMm pasmgene MBI mpeaiaraeM
Bawm moskcnepuMeHTUPOBATD A4 TOTO, YTOOH YraaaTh OTBET B 3amade. ['0BOpAT, ITO OTBET — 3TO
60.bITe, TeM TMOJIOBUHA PelIeHnua 3a1a4dn, nO0 9acTO TaK CAYIaeTCA, IYTO 0O00CHOBATH «(ITPABUIHHOY

Cc(hOPMYIMPOBAHHBIN OTBET yKE COBCEM HE TaK CJIOXKHO.

= + = + ! ++ + !
1-2 2.3 3-4 T 99-100°
[TonerTanTech HAUTHU DTY CYMMY DKCIIEPUMEHTAIBHBIM MyTEeM, a UMEHHO: BBIYUCIATE CHATAIA, CyM-
MBI TIePBEIX JBYX, 3aTeM — IIePBEIX TPeX, 3aTeM — UeTHIpeX U T. 1. claraeMbx'. /I1a Haria JHOCTH

pe3yJabTaThl 3KCIIEPUMEHTa Pa3dyMHO 3aIllCBIBATH B T&6JII/IHy23

3AIAYA 5.1. Beraucaure cymmy

L O6wrH0, KOTIA MAaTEMATHKA TPOCAT CIOKUTE CTO THCET, OH TOBOPUT: «CIOKUTH CTO IMCET — BTO OFYEHb JOJITO
U CITOXKHO, JABAUTE-KA s JYUIle CI0XKY IBA UMCIa, TOCMOTPIO BHUMATEILHO HA OTBET; CAOXKY TPU UUCI — U €IIe
BHUMATEJbHEE MOCMOTPIO HA OTBET... A TaM, IVIAAUINb, YTO-HUOYIb U IPUIYMAaoh

2B Hell MOXKHO 6BLIO GBI ODOMTHCH U 6€3 BTOPOH CTPOYKHU, HO OHA IIOMOTAET BEIMUCIMTEH CYMMY U IIOIMETUTD
3aKOHOMEDHOCTH
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Yucao craraeMblx 1 2 3 4 5 6

[ocaexuee craraemoe | 1/2 1/6 | 1/12

Cymma | 1/2 2/3

Ecan Ber BHEMATETHHO MOCMOTPUATE HA PE3YIbTATHI DKCIEPUMEHTA, TO JerKOo T0TalaeTech, IeMy
OyIyT paBHBI CYMMBI U MATUAECATH, U TEBAHOCTO MEBATHU, U CTA CJAATAEMBIX.

1 1
3ATAYA 5.2. Yemy paBHA CymMMa 12 + 2.3 + -+ m ?
Ecau Ber yragaau oTBeT K 5TOU 3a1a4e, MOAMETUB 3aKOHOMEPHOCTH ¥ CYMM ABYX, TPEX, Y€THIPEX,
IATH CIAraeMbIX (BO3MOXHO, KTO-TO BBIIUCAI ¥ OOJBIIE DKCIEPUMEHTAIBHBIX JAHHBIX), TO DTOT
OTBET TIOIe3HO TPOBepuTh'. TaKylo MPOBEPKY MOXKHO IeIaTh, OMATH-TAKH, MOICTABIAA B IPeLIa-
raemyio Bamu ¢popmyay maneHbkue 3HadeHus n. Hanpumep, mpoBepka ¢popmyast 1 +3+5+ ... +
(2n—1)=n? gran=1, 2, 3, 4 BEINIAIUT TaK:

n=1 1=12

n=2 14+3=22

n=3 1+3+5=232

n =4 1+34+5+7=42

[Togo6Has mpoBepka MO3BO/ISET OTBEPraTh 3aBEIOMO HEIPABUILHBIE TUIIOTE3HI.

2 orBer B 3agaue 4.2 mpu n = 1, 2, 3, 4, a 3aTeM HOmLITAHTECDH

3ATAYA 5.3. IlposeprTe Bam u mam
cmpo2o doka3amob ero.
YKA3AHUE: [[1s1 1oKasaTensbCcTBa, MOXKHO, K IPUMEPY, MOCMOTPETh, HA CKOJBKO yBeInmduBaeTcs Baim rumo-
TeTI/ILIeCKI/II‘/JI OTBET IIpn HpI/I6aBJIeHI/II/I elre OOQHOr'o ClaaraeMoro m CpaBHUTH 3TO C T€M YUCIOM, Ha KOTOpPOE

YBEIUYIMBAECTCSI CyMMa HA CAMOM [ejie — 31eChb-TO U MPUTCOAUTCA 2-as CTPOKA u3 Bamwux Tabru.

3AAYA 5.4. Yemy paBHa cymma % + i + é + -+ 2% ? He 3a6yapTe mpOBEPpUTH OTBET XOTA OBI IpU
n=1,2 3!
3AIAYA 5.5. Boeraucanre cymmy 2 + 2 + - 3
3 9 3n

3AIAYA 5.6. CocumTanTe 1+24+4+.--+2™ n 1+34+94+27+---4+ 3"

Hamomuum, uro n! = 1-2-3- --- - n (duraerca ©H GaKTOPUATL)); ITOOBl OCBOUTHCA C

dakropuaramu, coperyem nocuntars 1!, 2!, 3141 5l u (n + 2)!/nl.

3ALAYA 5.7. Hagigmre  1-1142-204+ --- +n-n!  u %+%+%+---+n71

3AITAYA 5.8. Tlogcumranre cymmy 13 + 23 4+ ... 4 n3,

Tpeyroanauk ITackansa. PaccMorpum 6eCKOHETHO PO IOMKAIOIMIMICA BHA3 TPEYTOJIBLHBINA JTa0u-
PUHT, HAPUCOBAHHBIM Ha puc. H.1. YCIOBUMCA HYMepOBATH €ro >TaxXW CBepXy BHU3, HAYMHAA C
HYJIEeBOIO HOMepa, a KOMHATHI Ha KayKIOM »Ta)Ke — CJIeBa HAIIPaBO, TaKXKe HAUMHASA C HYJIEBOI'O
HOMEPA.

'Konewno, 114 5TOro mpOIIe BCEro 3arVIAHYTh B KOHEI] KHUTH, HO YTO IeIaTh, eCIH OTBETa, TaM Het?!

2T. €. l'IpI/IBe,E[eHHBII;’I B KOHIIEC KHMXKKN
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Bxox ¥

Puc. 5.1. JlabupunuT [lackams.

3AITAYA 5.9. [IycTs B 1abupuHT HA puc. 5.1 mMagaeT MAPUK U MO NJEUCTBUEM TAXECTH IIPOBATABAECTCA
BHU3, CAYYaWHBIM O0pPa3oM IMMOBOPAYMUBAA HAJEBO-HAMPABO. Ha Ha Kaxnou m3 KOMHAT BepxHUX 11
sTaxen (C HyJAEBOTO MO NEeCATHIN) HAMWIIATE, CKOIBKUMUA PAIMIHBIMYA Iy TAMY [APUK MOXKET 10 HeE
nobpaThea.

3AMAYA 5.10. ChopMmyaupynTe U SOKAXKUTE MPABUIO, MO3BOIAIONIEE B MPEABIAYINEN 3a1a9e OBICTPO
3AIOMHATD IUCIAMA OUEPENHON DTaX, MVIALA Ha MPeALIIYIMN (yXKe 3aI0JHEHHBIN) DTaX.

YucmoBOM TpEyroabHUK, AAIOMMU OTBeT K 3a1. 5.9 u 3a1. 5.10, HaseiBaeTca mpeyeoabuurom Ila-

ckaan. OH yINBATEIBHBIM 0OPA30M TMOABIAETCA B CAMBIX PA3HBIX (HA MEPBBIN B3TJIAL) CUTYAIHAX.

3ADAYA 5.11. Hamamre ma Tpeyrombuuke Ilackana pag egwawn 1, 1, 1, ... HATYypaJTbHBIM DAL
1, 2,3, ..., a TakxXe paAa TpeyroiabHbIx yucen 17, To, T3, ...

3AMAYA 5.12. PackpouTe ckob6ku u mpuBequTe MOAOOHBIE CIATaeMbIe Y
(14+2)?, (1+2)?*, QA+, ..., (1+2)P

(mampumep: (1+z)! = (1+2)3(14+2) = (1+3z+322 +23)(1+2) = 1+4x+62? +6 23 +2*.) Cpas-
muTe Bamm pesyabTaThl ¢ pesyabTaTamu 3a1. 5.9. ChopMyaupyuTe u [OKaXUTE COOTBETCTBYIOILYIO
Teopemy.

3AIAYA 5.13. ChopMyaupynTe U JOKAKUTE MPABWIO I PACKPHITUA CKOGOK y (a + b)™ mpu momomm
TpeyronbHuka [lackamus.

Pazbuenus B cymMbI KBagpaToB. [lookcnepumenTupyem Ternepb ¢ MHOTOYTOJBHBIMEA TACJIAMM.
Yxe aBe ¢ MOJOBUHOU THICAYHN JeT HA3a,l MATeMAaTHKOB CTAJIN 3aHAMAThL BOIIPOCHL TAKOI'O POIa: Ka-
KHe 9IICJIa MOXKHO MPEeICTABATEL B BUAE CYMMBI IBYX TPEYIOJIbHBIX THCEI, a KaKue Helb3a? A Kakue
YUCIa MOXKHO TIPEJICTABUTh B BUJIE CYMMBI IBYX WIM TPeX KBAIPATHHIX ducen’ Kakue ducia MOXKHO
OpPEICTABAThL B BUJIE CYMMBI TPEYTOJILHOTO, KBAIPATHOTO U MATUYTOALHOI0? YCJIOBUMCA TIPU DTOM
CYUTATHh MHOTOYT'OJbHBIM YUCJIOM U HYJb, TOCTABUB €r'0 B PAIBI TPEYTOJbHBIX, YeTHIPEXYT O1bHBIX,
OATAYTOJBHBIX U T. M. YUCEJI MO HYJeBBIM HOMEPOM.
3AAYA 5.14. BriacHuTe, KaKWe U3 MEPBBIX CTA, YUCET MPEACTABIAIOTCA, & KAKAE He IPEACTABIIIOTCA B
BUJE CYMMBI A) ABYX B) Tpex TpeyroabHEIX umcen’. UeTko chopMmymmpyiTe BosHuMKIME y Bac
TUIIOTE3bI U IIPOBEPHTE UX HA BTOpOf/)I COTHE YHUCEJL.

Teneps HaM omaTh MOTpebyeTCsa KaeTwdaTas Oymara. bygem cauTarsh, ITO CTOPOHA KJIETKU PaBHA
1. Torma mromank K1eTK Toxe OyaeT pasHa 1. HazoBem «mpsamMbiM» KBaaApaT, CTOPOHBI KOTOPOTO

MloxymaiiTe HaL TeM, kKakasa Tabauna obrerdmia 66 BaM paboTy B 3TOH 3a4ade U KaK B IKCIIEPIMEHTAX IIyHKTA
(6) MOXHO UCIOIB30BATH PE3YILTATH DKCIEPUMEHTOB U3 TMYHKTA, (a).
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MAYT [0 JIMHAAM KIeTYATOUN OyMaru, a BePIIMHBI PACIOIOKEHBI B y3IaX Ka1eTok. KBajipar ¢ Bep-
IIMHAMY B y3J1aX KIETOK, HO CTOPOHAMU HE NAPAAALEAbHbIMU TUHUAM OyMaru Mbl OyIeM Ha3BIBATbH
«KOCBIM» (cM. puc. 5.2).

3AIAYA 5.15. Hapucyure xocbie kBaapaTsl ¢ momagavu 2, 5, 17 (u dokaxcume, 9TO HAPUCOBAHHBIE
BaMu 9eTHIpeXyroJbHUKA NEUCTBUTEILHO ABIAIOTCA KBagpaTamu!).

3ATAYA 5.16. Bepuo au, 9T0 miomags Jr060r0 KOCOTO KBaApaTa — IEI0e GUCIO?!

SAMAYA 5.17. CymecTByIOT JU KOChle KBAAPATHI maomagm 3 u 77

Puc. 5.2. [Ipamon u Kkocon KBaapaThI.

3ATAYA 5.18%. Kakue qucia u3 MepBOUA COTHU ABIAKOTCA ILIOMIAIAMA KOCBIX WIA IPAMBIX KBAIPATOB?

SATAYA 5.19*. Kakue umciaa w3 nepBOr COTHU MPENCTABIAIOTCA B BUAE CYMMBI IBYX KBaaApaToB?! BoI-
OUIIATE BCE 9TU YUCIA U PA3JTOXKUTE UX Ha MPOCTHIC MHOXUTEIN. FJI}E[,Z[}E[ Ha CBOU SKCIIEPpUMEHTAJbHBIC
MAHHBIE, BEIACHUTE:

A) KakoW OCTATOK OT NeJeHWA Ha 4 MMEIT Te MPOCThIE MHOXWUTENN, KOTOPHIE BXOAAT B Bamm
PA3JOXEHUA B HEUETHBIX CTEIMEeHX;

B) BEPHO JW, ITO €CAW [BA TUCIA MTPEACTABIAOTCA B BAE CyMMBI IBYX KBAIPATOB, TO WX MPOU3-
BeJleHre TOXE MPENCTABIAETCS B BUAE CYMMBI IBYX KBAJIPATOB.

SATAYA 5.20*. Kakue qucia u3 mepBOA COTHU MOXHO MPEACTABATE B BUAE CYMMBI TPEX KBAIPATOB, &
KaKue HeJII)Bﬂ? KaKI/Ie OIPOCTHhIC MHOXUTECIN N C KAKNMU MMOKA3aTEIAMNU BCTPEIAIOTCA B PA3JTOXKECHUN
TeX W APYTUX GUCEa’

PaccvaTpuBas mpencTaBIeHUS IMEJBIX YUCET B BAAE CYMMBI KBaIpaToOB, JlarpaHxk moKasasa caemy-
IOIIYIO 3aMeYaTeIbHYI0 TeopeMy' .
TEOPEMA JIATPAHXKA: KaXk[0€ HATYDPAJIbHOE TUCIO ABIAETCA CYMMOH 9eThIDEX KBaJpPATOB (cpein
KOTOPBIX MOT'YT OBITH U HYJIEBBIE).

3AMAYA 5.21. [IpoBepbTe 3Ty TEOpEMy IaA YUCET U3 TEPBOU COTHHU.

SAMAYA 5.22. Pemas 3an. 2.4 u 3ag. 2.5, Bel, HaBepHOE, 3aMEeTWIN, 9TO CPEAU MEPBBIX AECATU TPE-

YTOIBHBIX YUCEN BCTPEYIAOTCA W KBAAPATHI, HampuMmep, 1, HO ecTh m eme. Kakoe? IlocTapaurecs
HAWTHW 7 €1e OqHO (TPeThe) OMHOBPEMEHHO TPEYTOIBHOE W KBAPATHOE THCIO.

SATAYA 5.23*. Kax HAUTU BCe OJHOBPEMEHHO TPEyTOJbHBIE W KBaJApaTHLIE ducia’! KoHedHO au mx
quCIao?

!BnpodeM, X0Thb aTa Teopema M HOCUT uMA JlarpaHia, OHa, BUIUMO, OBLIa m3pecTHa eme Juodanty. Ee mo-
Ka3aTeJIbCTBO U JaJbHENIIe IoAPOOHOCTY MOXKHO IPOYUTATEL B 3aMedareabHon kaure: K. Atepaend, M. Poyzen.
Kraccuaeckoe BBeneHne B coBpeMeHHYI0 Teoputo ducea. M., «Mupy, 1987.
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§ 6 BeckoHedYHbIe JeCATHUYHbIE APOOH

Bwi, HaBepHOe, 3HAETE, YTO CYNIECTBYIOT YKUCIa PAllMOHAJbHBIC U WPPAINOHATEHBIE. HamoMHnM,
ITO YUCIO I HABBIBACTCSA PAYUOHAALHbIM, €CIU €70 MOXKHO TPEJICTABATH O BUIe OOBIKHOBEHHOU IPO-
Ou, T. €. B BUe OTHOIIEHUA ABYX IEABIX YUCeT r = p/q. B IPOTUBHOM caydae, IUCIO I HABLIBACTCA
uppayuonasbnbim. Hanpumep, sucaa —196/17, 1/2,1/3, a Trakxke 1 =1/1, 0 = 0/1 — paunonaisb-
HEIE, TOTIa KaK 9HCI0 \/2 — WPPAIMOHATLHOE, er0 Helb3f MPEICTABATH B BUIE OOBIKHOBEHHON
apobu. JacTo BMECTO OOBIKHOBEHHBIX IPOOEN MCIOIL3YIOTCSA AecAaTudHble apobu. UToOwr mpen-
CTABUTh, CKayKeM, 1/3 B Buge IeCATUIHON IPOGH HEOOXOIMMO BHINOJIHUTE JEJEHUE «YTOJKOMY:

1,0 (3
9  [0,333...

1

_ 10
9

—|OO

DTOT MPOLECC MOKHO MPOAOIKATE 10 OECKOHEIHOCTH, TaK YTO B OTBETE MBI MOJy9IaeM OECKOHE -
HYIO TeCATUIHYIO Tp0o0h. Takyio 1po0b HA3BIBAETCA NePUuoduueckoti, TOCKOIbKY e 3aluCh, HATHHAA
C HEKOTOPOI'0 MeCTa, COCTOUT U3 OECKOHEUIHO MOBTOpsAIencs mudpsl 3. NHorga sTo o603HaTA-
10T Tak: 0, (3) 1 TOBOPAT «HOMb MEJLIX U TPU B MEPUOE», HO MBI OyIeM Falle MpUIepKABATHCA

ob6osnadenus 0,333..., rjge TOYKE TOBOPAT O TOM, 9TO TPOUKA IMOBTOPAETCA 10 OECKOHETHOCTH.
17
PaccmoTpuwm erte ogue mpuMep: 5 37 = =5+ 37 ; meauM 17 Ha 37 yroakoMm:
170 37
148 0,4594 ...
_ 220
185
_ 350
333
170
148

17
Manbire BeMuCIeHUA OyAyT MOBTOPATHCA, TaK 9T0 b — = 5, (459).

37
3ADAYA 6.1. 3anumure B Bue 6ECKOHEUHBIX ACATUIHBIX apoben umcna: 1/7, 3/14, 5/11, 1/17, 3/13,

3/250, 7/625, 1/15.
Pemras 3amawy, Bei, 1omkHO OBITH, 3aMETWIN, YTO BO3HUKAIONIIAS B PE3yJabTaTe MAeJeHUSI TeCsd-
TU4IHasA ApoOb aAuGO ¢ HEKOTOPOrO MeCTa CTAHOBUTCA MEPUOAUIECKOU, Jub0 KoHedHa. Ckaxkem,
7/30 =0,2333...=0,2(3), a 1/25 = 0,04. BupodeMm, KOHEUHYIO IECATUIHYIO TPOOL TAKKe MOK-
HO PACCMATPUBATHL KaK GecKoHeUHYo mepuoanieckyo: 0,04 = 0,04000... = 0,04(0).

S3ATAYA 6.2. [JoxaxmTe, UYTO KaXJO€ PANUOHAILHOE UHCAO MOXET OLITL 3alMCAHO B BUAE KOHETHOH
niu 6ECKOHEYHON MEPUOAUIECKON AECATUIHON APOOM.

3AIAYA 6.3. Kakue 06GLIKHOBEHHBIE IpOOU p/q MAIOT B JECATUYHOU 3alUCU KOHETIHLIE APOOH, a KaKue
— 6ecKkoHeYHbIE?!

[Toraagum Temephb Ha CBA3b MEXIY OOBIKHOBEHHBIMHU U TECATUIHBLIMEU IPOOSMHU C TPOTHUBOIO-
J0XHOTO KoHIa. [[ycTh mama 6eckoHedHas mepuoauvdeckas IeCATUIHAA TPOOB, CKaXKeM,

0,575757...=0,(57) mm  0,12500...=0,125(0) = 0,125 .
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Moxere im Bol mogo6pars Takyi 0OLIKHOBEHHYIO APOOb, KOTOpas AACT ee IPU MEePeBOae B IeCA-
TUIHYIO?!

Co BrOphIM TpuMepoM pazobparhes aerko: 0,125 = 125/1000 = 1/8. A Bor B mepsom mpu-
Mepe MoIo6paTh OTBET He Tak-TO U HPOCTO. B CBA3M ¢ STUM BO3ZHUKAET BONPOC: a JI00VIO I
6ECKOHEUHYIO IIePUOANICCKYI0 TPOOL MOXKHO IPEBPATUTL B OOLIKHOBEHHYIO?

MeToag Apxumega. Oaun u3 coco60B pelreHns mepBou 3a1a4u BocxoauT K Apxumeny. OH co-
CTOUT B TOM, ITO 1p0o6b 0, 5757 ... HyXKHO 0O603HAYMUTE Yepe3 T U 3aTeM COCTABUTDL HA ¥ YpaBHEHUE,
13 KOTOPOTr'O ero MOXKHO OBLIO OBl HauTH. VTak, mycTs

x =0,573737... .
YMHOXKUB 5T0 paBeHCTBO Ha 0, 01, moayanm:
0,012 =0,005757... .
Berarem Temepb BTOpOe PaBeHCTBO U3 MEPBOTO:

r—0,0lz=0,57.

Ta o0Opazo 1 1 il o) a il 99 19 IIpose a oc
KM M, T - — — = — TK r = —— . — = —. B M II BUJBH Tb
PASOM, 100 100" T 100 - 100 33  ~popepmM P
oTBeTa.
190 |33
165 [0,575...
950
531
190
165

SATAYA 6.4. KakuMm panuoHAIBHBIM 9UCIAM COOTBETCTBYIOT OECKOHEYHBIE MEPUOJUIECKUE APOOU:

A) 0,777... B) 0,363636. .. ) 0,3121212...
B) 0,135135... r) 0,714685714685. . . E) 0,9999...

3ATAYA 6.5. [lokaxuTe, ITO I106as 6€CKOHEYHASA EPUOANIECKASA NeCATUIHAA NPOODL ABIAETCA PAIIAO-
HaJBbHBIM YMNCJIOM.

B xavecTBe caencTBUA MBI MOJYYIaeM, B YJACTHOCTH, ITO O€CKOHETHAA TECATUIHAA TPOOH
V2 = 1.414213562373095048801689 . . .

He SABJIACTCA HePUOIUIeCKON.

SAIAYA 6.6. [IpuBenuTe eme npuMepsl IECATUIHBIX POOEN, He ABIAIOIIMXCS PAITTOHATHEHBIMA IACIAMA.
Panwonansmo au aucao 0,1 0010000 10000001 000... , y koTOpOro equHUIbr cToaT Ha, 1-M, 4-M, 9-Mm,
16-m, 25-M, 36-M U T. 1. MeCTaX, & B OCTAILHBIX MECTAaX — HYyJIu?

SATAYA 6.7. Kakue uucaa  «3ammppoBaHbD CISTYIOMAMEA 3ATTUCAMMA:

A1 VTEVTE B) V2+V2rvar B) {6+ 36+ o+

3AIAYA 6.8. Hamgure:
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3ATAYA 6.9. [lokaxuTe HEPABEHCTBO \/6 + \/6 +y6+ -+ V6 <3

2000 pagukamroB

SATAYA 6.10. [okaxuTe CIeqyIOIee TPABWIO MEPEBOLA OECKOHETHON TMEPUOIAIECKON NPOOHU B OOBIK-
HoBeHHYIO: 0,41 ...an(b1...by) = p/q, rae

pP=ai...apb1...by, — ay...ap
q=299...9 00...0
S—— Y—~—

m n
(3amuce a1 as...an , KaK BCeryma, 0603HAMAeT N-3HATHOE IUCIO C TudpaMua a1, a9, ..., d, . Hampumep,
21516 — 215
0.21516161616... = —— =%
’ 99000

§ 7 'eomeTpuvieckas IIporpeccus

IMapagokc 3enoHa. 3enon Jaenckun (V B. 1o P.X.), 3aHMMasncs BecbMa CIOKHBIME BOIPOCAME O
OpUpOIe TBUKEHUA, MPELIOKMAI CIeIYIONee paccy X IeHre, Ha3bIBaeMOe Telepb MapajgoKCcoM 3eHO-
Ha. [IpegcraBum cebe AXmiteca, KOTOPLIM COOMPAETCA NJOTHATH Uepenaxy, HaXoIANIYICAd OT HEero
Ha paccroauun oguou craguu (mpumepro 200 u). IIpeamonoxum, 9To AXuiiec UgeT BABOE OBI-
crpee depenaxu. [loka Axmirec goujgeT H0 MepPBOHAYMAILHOTO MOJOKEHUS Yepernaxu, OHa YIOI3eT
OT Hero Ha moaoBuHy craanu. [Toka Axmarec GygeT WATH DTU TMOJ CTA NN, Yepernaxa yIoA3eT ele
Ha YeTBEPTH CTAIUA. 3aTeM AXUILIeCy OCTaHeTCs 10 depenaxu 1/8 cramuu, Ha KOTOPBIE OHA YO~
3eT, MOKa OH OyJeT UATH BTY 4eTBepThb, moToM 1/16, 1/32 u Tak gamee. B pesyabrare BeCh MyTh
Axmireca o MOMEHTa, KOT'Ia OH HATOHHUT Yeperaxy, OKa3bIBACTCA pa3OUTHIM Ha G€CKOHEYTHOe -
CJIO TIOCAEIOBATEIBHBIX YIACTKOB, KaX LI U3 KOTOPBIX BABOE KOPOUe MPEIbIIYIIEro, 1 BOSHUKAET
3HAMEHUTHIN MapafoKC SeHOHA: ¢ OMHOU CTOPOHBI, AXWIIeC JOTOHUT Yepenaxy, ubo ugeT ObicTpee,
¢ Apyrou — OH 6e3 KOHIIA OTCTAeT OT Hee Ha, JINHY OYePEIHOr0 YIaCTKA.

PaccMmoTpuM BHEMATEIBHO HapagoKe 3eHoHA. Kak m GOJBIIMHCTBO MOJIOOHBIX PACCYKICHUN,
OH MOX0XK Ha GoKyc. [leMoHCTPUPYSA (POKYC, WITIO3UOHUCT OOBITHO OTBJICKACT BHUMAHUE MYyOIUKA
OT MPWYUH MPOUCXOAANET0. Tak M 3eHOH — B CBOEM paCCykIEHUM OH BCE BPEMSA TOBOPUT O
pPACCTOAHUMU, OTBJICKASA HAIlle BHUMAHWE OT TaKOW BEIWYINHBI, KakK Bpemsa. Mexay Tem, Bpems, 3a
KOTOpOe AXMIIeC TONOHUT dYepenaxy, MOCIUTaTh COBCEM He CIOXKHO — B HAIM JHU I0Z00HBIE
3aa4N «IPOXOIATY B MATOM KJaacce u (POPMYJTUPYIOT MPUMEPHO TaK:

SAITAYA 7.1. U3 myukToB A m B, pacrioNOXEHHBIX HA PACCTOAHUE | KM IPYT OT APYTra, OTHOBPEMEHHO
7 B OOJHOM M TOM XK€ HAIIPDABJICHUU BBIILIN ABa IIEIIEX0Ja CO CKOPDOCTAMMU V1 KM/"I/ n ’UQKM/"I/, opuieM
vy > v9 (cm. puc. 7.1). Uepes kakoe BpeMa OHU BCTPETATCA W CKOMBKO MPOWAET KAXKABIM U3 HUX IO
MOMEHTA BCTPEYIM?!

3AIAYA 7.2. Tlycte Axunnec (mepBbI MENIEX0T) UAET CO CKOPOCTHIO ¥ CTAAAN B 9aC, a IepPernaxa BIBOe
MeneHHee. Briacuure:
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3a KaKoe BpeMsa AXWimiec JOTOHUT depernaxy;
32 KaKoe BpeMa AXwmiiec u depernaxa MpOUIyT CBOU MEPBLIE OTPE3KH;

32 Kakoe BpeMsa AXwmiiec u depernaxa MpOUgyT CBOU N-ble OTPE3KH;

I') KaKOM CYMMOU BBIPAXKAETCA BPEM, 38 KOTOPOe AXWLIEC MPOUJET CBOU MEPBBIE 1 OTPE3KOB;
) KaK BBINIAIUT COOTBETCTBYIOMAA GECKOHEYHAS CYyMMA;

paBHA JU 3Ta CYMMa IUCIY, MOJIYIeHHOMY MeToaoM 3an. 7.1 7

V:
b

Puc. 7.1. [IBa memrexoa.

SATAYA 7.3. 3anummTe OO IIyTh, MPOUJEHHBIN AXUIIecoM, B BuAe GECKOHETHON CYMMBI U BBIUM-
CTUTE DTy CyMMy', HAHAA Ty Th OGBIMHEIM CIIOCO60M — Kak B 3a4. 7.1.

SATAYA 7.4. Ilpu momomm 3a4. 7.1 pemure 3an. 7.2 u 3a1. 7.3 B IPEIIOIOKEHAN, TITO
A) Axummnec mper B 10 pas O6bicTpee Yepenaxu;

B) OTHOIIEHWE CKOPOCTH ¥Wepenaxu K ckopoctu Axmmmeca pasHo ¢ (rae, pazymeercsa, 0 < g < 1).
Kakue cymmbr Bel pu 5TOM BBIMUCIAIA?

3agada o meseHuu nupora. Ha cBom mMeHHHBI AJela yromaa CBOUX IIeCTEePLIX TOCTer MUPO-
rom. CHadaga mupor ObLT pa3pe3aH Ha 7 PaBHBIX YaCTed M Pa3fokKeH MO TapelkaM. ['ocTu cBou
KYCKM Cheau, a AJerra pasjgeqmn CBOI YacTh MAPOra Ha 7 PABHBIX YaCTed W PO3AAT UX DOCTIM.
Te cuoBa cweau c¢Bom mopumm, a AJenra OonAThH pa3Jgeqna CBOIO TOMI0 HA 7 PABHBIX YaCTed W T. I.
[ToraTHO, 9TO Yepe3 HEKOTOPOE BpeMsA OT MUPOra OCTAJOCH JUITh HECKOJIBKO KPOIIEK, TPUINIIIAX
K HOXY U TapeaKaM.
3ADAYA 7.5. Kakaa gacTs mmpora ocramach y Ajemm, a Kakume AOCTATIACH TOCTAM TOCJAE MEPBOTO,
BTOPOTO0, U N-0r0 paspe3anusa’ 3anuimTe B BUAE OECKOHEYHOU CYMMBI Ty YaCTh MUPOra, 9TO CHEIn
roctu (a cbenru-To oHu Bech nupor!). Yemy paBHa mHanucamuas Bamu cymma?

SATAYA 7.6. 3amumuTe B BAAE CYMMBI TY YaCTh MHAPOTa, KOTOPad OKA3AIACH CHEJEHHOU MOCHE N-T'O
paspesanusa. Yemy pasHa dTa CymMma?!

B ucropun ¢ merenuem mmpora, Kak ¥ B MapagoKce 3e€HOHA, BOZHUKAIOT MOCIEIOBATEILHOCTH
YHUCEeT, B KOTOPHIX KaXXI0€e 0YepeaHoe HMUCI0 B OTHO W TO XKe (PUMKCUPOBAHHOE HYUCIO Pa3 MEHbIIE
npeabiayIiero. Takue mocIeI0BATEIbHOCTh HA3BIBACTCA 2E0MEMPUUECKUMU NPOPECCUAMU .
ONPEAENEHUE. IlocaeqoBaTelbHOCTE, KaXKABIH CICAYIOMAN TIeH KOTOPOU MOJYIACTCA M3 IIPETbI-
JYIIEro YMHOXKeHHEM Ha OJHO H TO ke ducao q # 0,1, HazsIBaeTCA 2eomempuueckoti npoepeccuet,
a HTO IUCIO ( HA3BIBACTCA 3HAMEHAMEAeM TeOMETPHIECKON IPOTPECCHH.

'xe BeTpewamucs mu B yxe ¢ aTou 3agaten B §5 ?

18



Takum o6paszom, B reoMeTputdeckon nporpeccun by, by, ..., by €O 3HAMEHATENEM ¢ MBI IMEEM
q = b2/b1 == bg/bg = - = bk/bkfl 7£ 0,1

Hanpumep, 6eckoHedHas MOCIeA0BATEIbHOCTD: 1, 2, 4, 8, 16, ... — 5T0 (6eCcKOHeYHAsA) TeoMe-
TpUYecKas MPOTPECCU CO 3HAMEHATEeNeM 2, a KOHeYHAas MOCIeI0BaTeIbHOCTE: 27, 9, 3,1, 1/3, 1/9,
1/27 — »ro (koHEIHAA) TeOMeTpUIeCKas Mporpeccus co 3HamenaTeaeMm 1/3. Habop u3 aByx uu-
cex, ckaxeM, { 7, 11 } Toxe MOXKHO pACCMATPUBATEL KaK (COBCEM KOPOTEHBKYI) DEOMETPUYIECKYTO
nporpeccuio co 3Hamenarenem 11/7. Eme oaus npuMep reoMeTpuveckon IpOrpPeccu T0CTABIAET
nocaeqoBarersuocts 1, —1, 1, —1, 1, —1, ... . Kakos TyT 3namenarens?

3AMAYA 7.7. Kakue reomerpudeckue nporpeccun Boul mpocymmuposanu B 3an1. 7.1 u 3ag. 7.5 7

3ADAYA 7.8. Beraucaure cymmsr (0oTBET 060CHYITE):
A)k—1+k—1+ +k—1
k k2 kn
B)k—1+k—1+ +k—1
k k2 kn
EIE PA3 O METOJE APXUMEJA. BepHeMcsa Tenepb HEHAJOAIT0 K 6€CKOHEIHLIM JECATUIHBIM IPOOIM
(cM. §6) U BCOOMHUM, KaK MBI 13 GECKOHEIHOU MEPUOIUICCKON TECATHIHON IPOOH MOLYIaTl O0OBIK-

HOBEHHYIO:

B x =0,575757...
0,012z = 0,005757 ...
0,992 =0,57 = x=>57/99
OxkaswsIBaeTCsa, U 3[eCh CIpATaHa PeoMeTpudecKas nmporpeccus!

3AAYA 7.9. Yb6emurech, uro nociaegosareasaoctu 0,1, 0,01, 0,001, ... u 0,57, 0,0057, 0,000057,
. ABIAIOTCA (6ECKOHEYHBIMU) TeOMEeTpUYIecKuMY nporpeccuamu. Kakue y aux saamenaremun? Yemy
paBHBI UX CyMMbI!? BhIpasuTe 3TU CyMMBI JECATUIHBIMA U OOBIKHOBEHHBIMU APOOAMU.

OTa 3a1atda MO3BOIAET CMOTPETh Ha MeTOox ApXuMena Kak Ha eIle OJWH CIOCO0 BLITUCACHNIS CYMMBI
OECKOHEYHOU TeOMEeTPUIECKON IIPOrPEeCCUN:

g _ 57 N 57 N 57
100 1002 1003
-1 5 _ 57 N 57 N g 57
100~ 1002 1003 99
99 o _ 57
100~ 100
3AMAYA 7.10. Beraucaure meTomom Apxumemna CyMMb
A) GeCKOHEeYH 10'§+§+E+---- B) KOHEUH IO'§+§-|-'-'+£
T3 T T T 3T 3

CymmMa 6eCKOHEeYHO yObIBaIoIIer reOMeTPpUYeCKOu Iporpeccuu. Temneps Bce TOTOBO K TO-
My, 9TOOBI HAMUCATEL OOIIYIO (POPMY.IY IIA CYMMBI OECKOHEIHOU DEeOMETPUIECKON MPOTPECCHUN.

3AMAYA 7.11. Ilycrs ag, a1, Gy ... — OGeCKOHEYIHAsA YOBIBAIOMIAA T€OMETPUYUECKASA TMPOTPECCUA CO 3HA-
MeHaTeneM q. [lokaxwuTe, 9TO ee CyMMa PaBHA
ao
apt+ar+as+ -0 =
l—q

3aMeTuM, ITO MBI 00CYIUIN yXKe IeIBIX TPU MOJX0La K CYMMHPOBAHUIO GECKOHEIHBIX [eOMeTpH-
9eCKUX IIPOrpeccuit — 5To 3a1. 7.3 (aBuxkenue), 3a1. 7.5 (1erenne nupora) u 3ax. 7.10 (a) (Apxu-
MeJOB MeTOJ cocTaBleHHs ypasHeHus). [lompoGyiTe gokasaTb mpeblAyILYI0 (GOPMYIY Kaxk IbIM
U3 DTUX TPEX METOOB.
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3AIAYA 7.12. Tlonyumre oTser B 3a1. 7.3, 3aa. 7.2, 3ax. 7.5, 3an. 7.9, sax. 7.10 (a), momb3yacs popmynon
IJIST CyMMBI OECKOHEYHOU MeOMETPUYIECKOU TPOrPECCUH.

SATAYA 7.13. BocmoaszoBaBmmch GOPMYION IIA CYMMBI 6€CKOHETHOU TEOMETPUIECKOU TPOTPECCUn
3anummTe OOBIKHOBEHHBIMU IPOOAMU 9MCIa:

0,575757..., 0,36363636. . ., 0,714714.. ., 0,3121212... .
B xaky1 0OBIKHOBEHHYIO ApOOBL mpeBpaTuT dTa hopmyaa aucao 0, a1 ... ay (by ... by) 7

[IPEAOCTEPEXKEHUE. B aTOM naparpade Mbl He pa3 BEYUCIAIN CYMMY 6€CKOHEYHOT'O YUCIa CIara-
eMBIX, He 33,/1aBasgCh BOMPOCOM MPABOMEDHOCTHU TakuX meucTBuu. OCHOBAHUEM [ HAC, KOHETHO,
CIYKUIA TeOMeTpUIecKas WIn (PU3UIeCKas ACHOCTH MPOUCXOIAIMIEr0, BeIb CYMMBI KAaKIBIA Pa3
MeJIN BIIOJHE KOHKDETHBIN «(MaTepualbHbiny cMbIca. CaeqyeT, 0OMTHAKO, UMETh B BUIY, 9TO OCMBI-
CJICHHO I'OBOPUTH O CyMMe OECKOHEYHOI'0 YMCIa CIAraeMbIX MOXKHO TaJICKO HE BCer'da. HaanMep,
Cpa3y ACHO, 9TO HE€ CTOUT U NbITAThCA BBIYUCJAUTHL 3HAYICHUE 66CKOH6‘IHOI?I CYMMBI

1424448416+ - +2"+ -

OCKOBKY C YBEINTIEHUEM 9IHMCIa CIAMAEMBIX OHA HEOTPAHWIEHHO pacTeT. [opa3mo Xyxe Ao 06-
CTOUT ¢ CYMMOU S=1-14+1-1+ 4 (=)' 4+ ... (6eckoneunas reomeTpuIecKas
nporpeccus co 3gaMenaTeseM —1). Ha mepBeiil B30I, 6CTECTBEHHO CIATATH, ITO

S=1-1+1-141-1+---=1-H+1-1)+---=0+0+---=0
O gHaKO, CKOOKI MOXKHO OBLTO OBI PACCTABUTD U TO-IPYTOMY, CKAYXKeM, TakK:

S=1-141-1+1—-1+--=
=1-(1-1)—-(1-1)=(1-=1)=1-0-0-0—---=1

K eme 6osee yapydaroriemMy pe3yabTaTy TIPUBOIUT METO] COCTABICHUs YPABHEHU:
S=1-1+1-141-14--=1-(1-141-1+---)=1-25

orkyga S =1— S, asmaunr, 2S5 =1 u S = 1/2. EquHCTBEHHBIN Pa3yMHBIN BBIBO/ U3 CKA3aHHOIO
—cymmal — 14+ 1 — 14 --- He IMeeT nukakozo TuCIOBOrO 3Ha4YeHua' . He mogBepraer am 510
COMHEHWIO U HAIIK PEIIeCTBYIoIINe pe3yabTaThl? K c9acThio, MOXKHO T0KA3aTh (MBI 3TOTO JeJaTh
He OyIeM), 9TO BLIYUCICHUE CYMMBI HECKOHETHOU TeOMETPUICCKON TTPOTPECCUN CO 3HAMEHATEIEM ¢
KOPPEKTHO B cay4dae |¢| < 1, K KoTOpoMy Kak pa3 U OTHOCATCA BCE MPEeABIAYIIue (U MOCIe Iy IOIIe
B IaJbHENIIeM) IPUMEPHI.

! CnpamemuBocTy pagi OTMETHM, OJHAKO, ITO MHOT A3, OCOOEHHO B (pU3UKe, CHenuduka KORKPETHOH 32,141, T1e
BOBHUKAET TAKOTO POA CyMMa, MPEANUCHBACT U KOHKPETHOE IUCI0, KOTOPOE eCTECTBEHHO CINTATE €€ IMCICHHBIM
3HAMEHWEM; TIPA DTOM B OJHOM (PU3MIECKOM KOHTEKCTE MOXKET OKA3AThCA PA3yMHBIM CIMTATh, uTo 1 — 1 + 1 —
14+ ---=0,asapyrom, —urol — 1 +1— 14 --- =1/2.
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§ 8 Emé o cyMMMPOBaHUM I'€OMETPUICCKUX IIPOrPeCcCui

3AMAYA 8.1. CymMaMu KaKUX T€OMETPUIECKUX TPOTPECCUY ABIAIOTCA TUCIA,
A)T7...7 B) 0,1313 ... 13 B) 0,131313 ... ?
—— —_—
2000 pas 2000 pas
SATAYA 8.2. IIpusegure mpuMep GECKOHETHOU T€OMETPUIECKON TTPOTPECCUR, CYMMa, KOTOPOU

A) B ABa, B) B Tpu pa3a GOIbIIE €€ MepBOrO WICHA;
B) B Tpu, T) B IBAa Pa3a MEHBIIE eé TEPBOTO “ICHA.

3AMAYA 8.3. Ilyctw aq, as ... — reoMmeTpumyeckas MpOrpeccus cO 3HaMeHaTemem ¢. [loHATHO, UTO
az = a1 -q, a3 = as - q = ay - ¢°. BulpasuTe a, wepe3 a; u n (T. e. HammmmTe «HOPMYITY OOIIETO
“WIEHAY ).

3AIAYA 8.4. (CYMMA KOHEYHOU TEOMETPUYECKOU IPOTPECcUN) Ilycrs ay,as,...,a, — KOHEU-

Hasdg FeOMETPHUIECKaA IPOrPECCUA U3 N BAEMEHTOB CO 3HAMeHATeIeM ¢, TAe ¢ 4060e FTUCIO He PABHOe
HyJI0 win equauie. JlokaxuTe, 9TO ee CyMMa
1—q"

S=a1+ay+ - +a,=a;-
l—gq

UuTepecuo, koro Bur, pemias 5Ty 3a1ady, BLIGpaIn cebe B MIOMOIHAKT — Apxumena, AXumLIeca min
mpa3IHUIHBIN Tupor? Mex Iy TeM mMeeTcs ele 0JHA TOYKA 3pEeHusd Ha (GOPMY.Iy MII CYMMBI T€0-
METPUIeCKON mporpeccuu. [ HavYaIa BCIOMHUM U3BECTHBIE (DOPMYJIBI I8 PA3HOCTH KBAIPATOB
1 pa3HOCTU KyOOB:

(& —y)(x+y) 1= (o —1)(x+1)

2 — o
22— = (v —y)(2® + zy + y?) ?—1=(x—-1D@*+z+1)

1 TOMpo6yeM MPOJOKATH B OTU PAILI TAIbIIE BHA3 (3AMOJHUTE MPOIMYCKH):

(=) 4+ ) ' —1=@-D(..+...+...+..)
z—(..+.. .+ +.) P-l=@-D(.. 4. .+

3AITAYA 8.5. Yrto mo Bamemy HyX)HO MOCTAaBUTH BMECTO MHOTOTOYMN B (DOPMYIaX

" —y" = (r —y)( ) u 2" —1=(z—1)( )

[MokaxuTe BHICKa3aHHBIE BaMu rumoTessl (HApuMep, PACKPBHIB CKOOKY) ¥ BHIBEUTE U3 DTUX (GOPMY.I
(GOpPMYIBI I CYMMUPOBAHUA KOHEIHBIX TE€OMETPUIECKUX TTPOrPECCUN.

2ty
2 — o

Wrax, Ha GOPMYIY IIA CYMMBI F€OMETPUIECKON MPOTPECCHN MOXKHO CMOTPETh KaK Ha 0000IeHne
GOopMy.IBI IS pa3HOCTU KyOOB.
3AIAYA 8.6. UTo Bor moxere ckazaTh mo moBogy x" + y" (X0TaA GBI A HEKOTOPHIX n) 7

Cpegune reomerpudeckue. Hazpanme «reoMeTpuiecKkas NPOCPECCUA» CBA3AHO C TAKAM €€ 3a-
MedaTeIbHBIM CBOMCTBOM: KaiK bl IIeH FeOMeTPUIeCKON IPOrPECCHN 3a UCKIIOUeHTeM KPalHuX
ABIAETCA, C TOTHOCTHIO [0 3HAKA, CPETHUM I'eOMETPUIECKUM CBOUX cocemen. HamoMHUM, 9TO TO-
JOKWUTEIBHOE YUCIO ( HA3BIBACTCA Cpeduum 2eomempuueckum (WA cpednum nponopuuora.ibHbim)
IBYX MOJOKATEIBHBIX uncen b u ¢, ecan ¢ = v/be (cm. puc. 8.1), 94TO MHAYE MOKHO 3aIMCATH KaK
a? = be, nm Kax c/a = a/b.

1. e. mepBoro, a ecu mporpeccus KOHEIHAL, — TO U IOCIETHErO
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Puc. 8.1. Cpennee reoMmeTpuiecKoe. Puc. 8.2. [lerenue kBagpaTa Ha 4 JacTuH.

3AMAYA 8.7. [lokaxuTe, B F€OMETPUIECKOU MPOTPECCUU, COCTABIEHHOU W3 TOJOXUTENLHBIX HUCET,
KaX LA 9IeH, KpOMe KPaUuHUX, PABeH CPeTHEMYy MeOMEeTPHUIECCKOMY CBOMX COCENEeH.

SAMAYA 8.8. [lokaxuTe m 0OpATHOE YTBEPXKACHUE: MOCIEIOBATENLHOCTE, ¥ KOTOPOU KaXKIBIA WIEH
paBeH CpeIHEMY FeOMETPUYIECKOMY CBOUX COCEHNEU, ABIACTCA TeOMETPUIECKOU MPOrPECCUen.
3AIAYA 8.9. Ilycts aq,as,...,a, — apudmMeTudecKas mporpeccusa (COCTABICHHAA, HAIPUMED, U3
nenbrx umcen). [okaxmre, 910 aasa mwoboro wmcaa g # 0, 1 mocregosarersroCTs ¢, ¢%2, ..., ¢
ABJIAETCA TeOMETPUIECKON IPOrPECCUen.
Kakoe cBOMCTBO MOCIENOBATENBHOCTH G1,09,...,0, ODECIEINBACT I FeOMETPUTIECKON MPO-
rpeccun ¢*', ¢*2, ..., ¢°" BBINOJIHEHWE yTBEpXKAeHUA U3 3a1. 8.77

3AIAYA 8.10. Beramcaure cymmy 1+ 114+ 111+ -+ + ;0100 o111,
eVHUII

3AITAYA 8.11. Paccmorpum kBagpar ¢ miomanbio S. Paso6beMm ero Ha 4 OQMHAKOBBIX KBAaApPaTa U
PACCMOTPUM YTOJOK, COCTABIEHHBIN U3 TPEX TAKUX KBAAPATOBR. UeTBEPTHIA KBAIPAT CHOBA Pa300beM
Ha 4 OAWHAKOBBIX KBaApaTa, U3 TPEX U3 HUX COCTABUM YTOJOK, & C IETBEPTHIM MPOAEIAEM Ty XK€
omepanuio u Tak gamnee (cM. puc. 8.2), moka BeCh KBAAPAT He OKAXETCA Pa3OUT HA, yTOJIKA OJAHAKOBOM
¢dOpMBI, HO PA3HOT'O pa3Mepa.

A) [lokaxwTe, 9TO ILIOMALN STUX YTOAKOB S1, S, S3 ... COCTABIAIOT TEOMETPUIECKYIO TPOrPEC-
curo. Hangure S,.

B) BemuwmmTe ABHO m BhrMmcaWTE KOHEUHYIO cymmy St + Sy + -+ + S, m GECKOHEIHYIO CyMMy
S1+ S+ S35+ ---

SATAYA 8.12%. PemmTe npeabIayilyo 3agady A4 CIydad, KOUAa KaXIBId pa3 KBAAPAT NEIUTCA HA
m? paBHBIX KBaJIPATOB, a yroJOK 6epeTcd MupuHOM B m — 1 KBagpar (41d m = 3 5T0 HAPMCOBAHO
Ha puc. 8.3 ).

Sa

Puc. 8.3. ToncThie yroakos. Puc. 8.4. Toukue yromkos.
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3AITAYA 8.13*. PemmTe mpegbIayIIyio 3aaady Aid Cly€as, KOUJa yroaok 6epercda mmpuHOu B 1 kBa-
apat (cm. puc. 8.4 mma m = 3)

3AITAYA 8.14. B ky6re mo ¢pyT6ony yaacteyeT 256 komana. Ky6ok pasbIirpbIBAETCA MO OJUMIAUCKOU
CUCTEME — TPOUTPHIBAOIINYN BHIOLIBaeT. CKOMBLKO HYXHO MPOBECTH MATYEN, 9TOOLI OMPEIequTh
obmagaTens Kyoka?

3AMAYA 8.15. Toprosen mpuHEC Ha PBIHOK MEIIOK OPEXOB. [lepBBIM MOKyNaTeNh KYNWI OIUH OPEX,
BTOPOX — [ABa OpeXa, TPETUN — [UEeTHIPE, IeTBEPTHIM — BOCEMb U T. [.: KAXILIM CICIYIOUIA IO~
KyTnaTelb TOKYIal BAOBE OOMIbIIEe OPEXOB, YeM mpeabiayumiu. [locregaun kymun 50 Kr, mocie 9ero y
npojaaBa octancsa oauH opex. CKOIbKO KMJIOTPAMMOB OPEXOB OBLIO ¥ TPOAABIA B HAMAIE!

3ATAYA 8.16. Ha oBome6asy 3asesnu ToHHY Kaprodensa. [lupekTopy 6a3nl pasperieno 3a 1 pa3 Ha-
OPABUTH B MarasumH He 06onee MeCATON FYaCTW OT MMEIOWErocs Ha NAHHBIA MOMEHT Ha OBolebase

KapTodend. Y IaCTCa U eMy Pealnm3oBaTh XOTA Obl MOMOBUHY nocTynusiero kaprodena? A 900 kr?
A 999 kr?

3AIAYA 8.17. (IIPOBJEMA PA3NIEJIA HACJIEJCTBA)

A) Crapumit u3 aByX GPATHEB MOXYYIUI HACAEACTBO W OTAAT MIAANIEMY OPATy TOJOBUHY MOXYYIEH-
HOU UMM CyMMBI. TOT, W3 yBaXeHWA K CTAPIIAHCTBY, BO3BPATHAI MOJOBUHY ITOJYIEHHON CYMMBI
cTapuiemMy GpaTy, CTapIIUi Xe CHOBA, BEPHYJ MOJOBUHY MIAAIIEMY OpaTy W Tak manee. B kakom
OTHOIIIEHUY B KOHIE KOHIIOB Oy/IeT pa3gereHo HACIEICTBO MEXIy OpaTbamu?

B) Kak Oyger pasgeneHo HACIEICTBO, €CIM KaXAbIM OGpAT BO3BPAIIAET APYTOMY HE HOJOBUHY a
OMHY N-TYIO0 YACTh MOJYYEHHOU TIEPe DTUM O !

B) Kakyio 9acTh MOMKEH BO3BpAIATH KaXAbIM, 9TOOBI B pe3yabTare omamH Obl momy«amn 51%, a
apyrou — 49%7?

r) Kakyio 9acTh JOKEH BO3BPAIIATE KaX BN, 9TOOBI B PE3YILTATE OHU TIOJEMUIACH ObI TOPOBHY !

3ATAYA 8.18*%. Mmeerca n rupb. MOXHO 1 U3 HAX HAOPATL ABE PABHBIE IO BECY Ky9W, €CIN BECA
rupb CyTh

A) 1,2, 4,8, 16, ..., 2" rpammoB? B) 1, 3,9, 27, 81, ..., 3" rpammoB?

3ATAYA 8.19. Cepexa BO3BpaIIaeTCA U3 Jeca TOMOU 1O mopore, mmmaa KoTopou 10 kM. Kak Tombko
Cepexa BBINIEJT HA JOPOTY, €r0 BEPHBIU TeCc BuMm mycTmicsa GexaTh K oMy, a g06eXaB IO IOMa,
HEMEIIEHHO TIOBepHYI u mobexan obpatuo k Cepexe; mobexas qo Cepexu, BHOBb MOGEXKAT K JOMY
u T.A0. 00 Tex mop, nmoka Cepexa me mpumen gomou. Cxopoctu Cepexu m Buma 6Gbuim Bce Bpems
[OCTOSHHBI 10 BEIUIMHE W PABHBI COOTBETCTBEHHO b KM /4 u 15 km/4. Hanaure, ckonrbko KumomeTpos
npobexan bum:

A) BCero; B) IO HAIPABICHUIO K TOMY; B) IO HAIIPABJICHUIO OT NOMA.
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§9 /Ipyrue nmpueéMbl CyMMUPOBAHUS

Kax Ber Moram 3aMeTuTh, BCe HUTHU MPEALIIYIIErO M3J0XKEHUA OBLIM MPUBA3AHBI K CyMMEUPO-
BAHUIO apUPMETHICCKON W MeOMEeTPUYIECKON IPOrpeccuid. [VIAmd HA DTH CYMMEBI ¢ PA3HBIX TOYEK
3PEHNA, MBI HAILIA HECKOALKO CIIOCOOOB I UX BHIYUCICHUA: B § 2 MOABMINCH TPEYTOAbHBIE TUCIA
— YACTHBLIM CIyYad apuOMEeTHICCKOU MPOrPECCHr; B §3 pasHOOOPA3HBIE PA3PE3AHUA MO3BOJIMIN
BBIMUCIATHL CYMMBI U APYTUX apu(pMeTHIeCKuX MPOrpeccuir; B §4 cymma apudMeTHIecKOn Mmpo-
rpeccun ObuIa (ABYMsA CHOCOGAME) BBIMUCIEHA TPYM MOMOIIN MOAXOIAIIEr0 TPYIIUPOBAHUS Caara-
eMbIX. /I BEIBOAA (POPMY.ILI CYMMUAPOBAHUA T€OMETPUICCKON MPOTPECCHN TaKkKe OBLIO MPeIo-
KEHO JeTHIpe CII0CcO0a: ABa ObLIM CBA3AHBEL ¢ AXWIIECOM I APXUMEIOM, TPETUH — C pa3pe3aHueM
nMpora, 1 eme OJANH BO3HUK U3 (pOPMY.I TUIA PA3HOCTH KyOOB.

B sTom maparpadge mer nosaakoMmuM Bac ¢ eme HeCKOIbKIMI TpueMaMu CyMMUPOBAHNUA, HE CBA-
3aHHBIMU HANPAMYIO C CYMMHPOBAHUEM TIPOrpeccui. Mbl HATHEM ¢ TOrO, 9TO BCIOMHIAM 3a1. 5.2,
rje Ha 0 OBLIO BHIYUCIUTH CYMMY

1 1 1 1

AR RE TR L
BhImonHaA B cBOE BpeMs MIKOABHBIE YIPAKHEHUA MO CAOXKEHUIO W BEITUTAHUIO TIPABUILHBIX IPO0Oe,
Ber Morm 3ameruTh, 4T0 apobu tuna 1/6, 1/12 wim 1/20 BosuukaooT u3 6o1ee MPOCTHIX:

1 1 1 1 11 1 11
6 2 3 12 3 4 7 20 4 5
3TO OTHOCHUTCA KO BCEM YJEHaAM CyMMBI, HOCKO.Hbe
1 1 1

k-(k+1) k k+1
st moboro k (ob6s3arensHo nposepbTe 5To!). Takum o6pasom,

L S I
2 6 12 nin+1)

Do) (e (st

Eciu Teneps packpwITh CKOOKH, TO BCe CAaraeMble, KpOMe IBYX KPAUHUX, COKPATATCA U MBI TIOTY-

M
L S S| | 1 n
2 6 12 n(n+1) n+1 n+1"

CyMmMmupoBanue pazHocTeu. [[0Ka3aHHBIN TOJIBKO UTO IIPUEM HABHIBACTCS CYMMUPOBAHUEM Da3-
nocmeti. OH COCTOUT B TOM, UTO KaX I0€ CIaraeMoe CYMMBI IPEeICTABIACTCA B BUIE PA3HOCTH IBYX
YUCcea TaK, YTOOBI MOCAE PACKPHITUA CKOOOK BCE «ITPOMEXKYTOUYHBIE) WICHBI COKPATUIUCH U OCTA-
JIUChH JIWIIH [Ba KPAWHUX CIaraeMbIX.
3ADAYA 9.1. Berumcaure 1+ 3 + -+ 4+ (2n + 1) cymmwmposanuem pasnocren. Kakasa kapTuHKa Ha
KJIeTIaTOu GyMare COOTBETCTBYyeT BameMy BHIUUCICHUIO?

1 2
3AMAYA 9.2. Hawgure 1-114+2-21+ --- +n-nlu —4+—=+ --- + L Yemy paBua 6eCKOHETHAA
2t 3! (n+1)!
3

1 2 0
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SATAYA 9.3. Beraucanre cyMmb:

A) Ly o by —
1-3 3-5 5.7 99 -101
B) Loy oy + !
1-2-3 2-3-5 3-4-5 99 -100-101
1 1
B) — + + -+ + —, roe ay,a2,...,a, — apudmMeTrieckKad IPOrPeCcCus.
a1a9o a203 Gnln 41
Pemrasa »Tu 3amadu, Ber, Buammo, moramaiuch, KaK MOXHO 0O0OOIIMTHL METOI CYMMHUPOBAHUA pPa3-
HOCTEN — K&}K;[Hf/i 91eH I/ICXO,Z(HOfI CYMMBI HaJO IIOCTAapaThCA IPEACTABUTH B BHIE CYMMBI WJIN

PA3HOCTH HECKOJBKUX CAATAeMBIX TaK, YTOOHI MOCTE PACKPBLITUA CKOOOK OOJIBIIAA UX IaCTh COKPa-
IAJaCh MEXK Iy COOOU MM JEerKo CKaaIblBaIach. [Ipy 5TOM KaxK IBIN 9IeH UCXOIHOU CYMMBI MOXKET
paCIIENUTHCA W Ha IBa, M HA TPHU, U HA, YeTHIPE caaraeMbix. bosee TOro, Komm4ecTBO TPOMEKYTOY-
HBIX CIaraeMbIX MOXKET OBITH CBOMM IS KayKJOT'O “ieHAa CYMMBI. [T0ACHUM DTy MBICIBL peleHneM
CIeIVIOIICH 32 IaqM.

3AIAYA 9.4. Uemy paBra cymma 1-24+2-2243.23 4+4.24 ... 4.2 7

Sanumrem Kaxoe caaraemoe B Bute k- 2F = 2k +oF 4t 2’3 Torma ucxomHas cymma mpeacTa-

TV
k mTyk

BUTCA TPEYTOJLHOU TAOJUIEH:

1-24+2-2243-2%+ +(n—1)-2""14n-2"=
= 2+ 22 + 22 + + ot ooy
+ 22 + 22 + + 2t 4+ 2" 4
+ 20 + + 2t 4 o2m 4
+ 2t 4+ 2" 4
+ oo
Ee ¢cTpOK® CyTh reOMeTpUHIeCcKHe TPOTPeCCHn co 3HaMeHaTeneM 2. [[03ToMy cymMa Imcen B HepBoi
2" —1
CTpOKe paBHa 2 4+ 22 4+ .. £ 27 = 2. 5T = 2" 2 o BTOpOU CcTpOoKe — 2+ 23 4 .- 427 =
on—l 1
22. 5T = 2ntl 922 g rperpenn — 27! — 23 mw T. 1. B mocaegren cTpoke crouT 2", KOTOpPOe

MBI I8 eTMHOOOpa3nd Toxke IpeacTaBuM Kak 27! — 27 Takum o6pasoM, Bca cyMMa OyaeT paBHA

(2n+1_2)+(2n+1_4)+ _|_(2n+1_2n) —
2" —1
=<2"+1+2"+1+---+2"+11)—<2+4+---+2">:n-2"+1—2- T

n pas

=n 2" (2 —9) =2 4 2ntl(p — 1),

Teneps gaBauTe pazOepeMcsa B TOM, 9TO MBI CIeIAM.

MeTog JBOMHOTO CyMMUPOBAHUA. Pemrad npegblIyIIyio 3a4a49y, MBI IPEICTABAIA UCXOTHYIO
CYMMY B BHJE CYMMBI MaOAuybl TACET, KOTOPYIO MOXKHO CKJIAILIBATHL B ABYX HAMPABICHUAX — TIO
CTpPOKaM M IO cTOJOmaM. Takme CyMMBI HA3BLIBAIOTCA 08otinbimu cymmamu. KOpoTKo Haie mpe-
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06pa3oBaHMe MOXKHO 3aIMCATh TaK:

zn:k'Qk:Zn:(g’“+2’“+---+2ﬁ): 3ok
k=1

S

~~

k=1 k pas k=1 i=1

3areM, BMECTO TOTO, YTOOBI CYMMHUPOBATH TAOJIUILY 1O CTOIONAM (MMEHHO TaKOoe CyMMHUDOBAHUE
JaeT HaIlW MCXOJHLIE caaraeMble k - 2F), MBI MpOCyMMEpPOBAIH ee 0 CTPOKAM, Ie CTOAT IeoMe-
TpUYIecKre TpOTpPeCcCuu:
n k n n n n
D) DTS B) DD DY LR P ERE
k=1 i=1 i=1 k=1 i=1 i=1
[Tpeo6GpaszoBanme OOBIYHOU CYMMBI B JABOWHYIO C TOCJIEIYIONINM W3MEHEHUEM MOPSIIKA CyMMUPO-
BAHUSA MBI OyIeM HA3BIBATH MEMOJOM 0801H020 cYyMmuposanus. Kak MbI yKe YIOMUHAJIN BHIIIE,
DTOT METOJ paboTaeT, eCIN KAXK IBIA IIEH CYMMEBI, B CBOIO O9epeb, IPeACTABIAETCA KAK HEKOTOPAs
cyMMa.
3ATAYA 9.5. Brsegure obmyio popmyay gia l-¢+2-¢>+3-¢> +4-¢* + - +n-q"
3AIAYA 9.6. Boraucaure (ecau Boi ee 10 cux mOp 5TOrO HE CAEMATN) CYMMY
14+ 114+ 11141111+ -+~ +111...1 .
n
SATAYA 9.7. Hamaure cymmbl
An-z+n—1)-224+n—-2)-234+ -+ +2-2" 1+ 127

B) Xn: E-(k+1)- 2
k=1

B)1+3+5+9+17+ ( )
D) 4 3 16 BCEro N CilaracMbIX ).

CyMMupoBaHue cTemeHen. [[ocMOTpuM Tenepb Ha CyMMUPOBAaHUE PA3HOCTEH, OTIPABIAACH OT
3apaHee MPEINUCAHHOTO Pe3yJabTaTa BeYUCIeHUU. [IycTh, HAmpuMep, UTOTOBAas CyMMa MpencTa-
BILJIACH B BHJE:
(12-0)+ (22— 1)+ (B -2)+ (-3 + -+ (n+1)>—n?) =
= (n+1°-0>=(n+1)>2.
Kakyio mcxogHyo cymMMy MBI MODVIM OB TaKUM OOpPa3OM BHIYUCIATH! OOMMEA <9IeH >TOU CYyMMBI

TOMKeH ObITh paseH ay = (k + 1)? — k% = 2k + 1. 3Ha4uT, cyMMHUpPYa Pa3HOCTH KBaApaTOB TOCIe-
MOBATEJNbHBIX IUCEJT, MBI BHIYUCAAEM CYMMY TEPBBIX 7 HEUETHBIX YHUCET:

143+5+--+(2n+1)=(n+1)>.
OTO TMO3BOIAET COCIUTATD U CYMMY 1 + 2 + -+ - + n BCeX HepBLIX 1 9ucel. [JencTBUTEILHO, 13
n+1)?=1+4+3+5+ - +2n+1) =
=2-0+1)+2-1+D)+2-241)+---+(2-n+1)=
=2-0+14+24 --- +n)+(}+1+1+ +1)

S

(n+1) pas
=2(14+2+ - +n)+n,

1n0;[p06Hee O CIIeOIUaJIbHBIX COKPAIIEHHBIX 0003HAMEHUAX I CYMM CM. IIPUIOXKEHNE B KOHIIE ATOU KHUT'HM
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BhITeKaeT, 910 2(14+2+ --- +n)+n+1=(n+1)?, orkyra

n(n+1) .

1+2+---+n:l((n+1)2—(n+1)): 5

2

Bouaee BBIDA3UTEJAIBHO 3TO BBIMUCJICHNE MOXKHO IMIPpEeACTaBUTH B BUIEC:

(n+1)2—n2:(2n+1)-1:2n+1

—(n=12=2n-1)-1=2n-1

(n—l) (n—2)*=(2n-3)-1=2n-3

32—-22= (3+2)-1 =2-2+1

22-12= (2+1)-1 =2-1+1

12-0?= (1+0)-1 =2-0+1
n+1)*=Cn+)+2n—-1)+2n—-3)+ - +5+3+1

+ + + + + +

3ATAYA 9.8. Kakas cyMMa BBIYUCIACTCS IPU CYMMUPOBAHAU PA3HOCTEN KyOOB Map MOCIEI0BATEIBHBIX
HATYPATHHBIX Yucen! Vcnons3ysa sTy cymMmy, HAUAATE 12422 4 ... +n2,

3AIAYA 9.9. Kakas cymma BeIMECISeTCA Tpy cyMMuposanmu pasuoctei (n 4 1)* —n* ? Haiigure ¢ ee
HOMOIIBIO CYMMY KyGOB MEPBBIX 7 HATYPAIBHBIX TUCE.

3AZAYA 9.10. Kakas cymMMma BBIMHCIACTCA OPH CyMMEUPOBAHUE pasHocTenr ¢! — ¢" u Kaxme CyMMbI
MOXHO COCYUTATH C €€ MOMOIIBIO?

SAITAYA 9.11. IlpuaymanTe, KaK, pacCyXaas B AyXe MPEILIAYIINX TPEX 32034, MOJYIUThH (POPMYITY [
CYMMUPOBAHUA FeOMeTpH‘IeCKOf/)I oporpeccun.

Mubr BuguM, 9TO BHIYATASA TMOCTEIOBATENbHBIE KYObI, MOXKHO MOJIYINTEH (DOPMY.IY IIS CYMMBI Mep-
BBIX 17 KBAAPATOB, & BEIYUTAA Y€TBEPTHIE CTETEHN, MOXKHO MOTYINTH (DOPMY.IY 1A CYMMBI KyOOB.
EcrecTBeHHO BO3HUWKaAET XKeJaHWE MPOAOTKUTH DTY MPOUEAYPY W MOAYIUTH (HPOPMYJIBI I CYMM
IATHIX, MECTHIX U T. J. CTENEHeN. JTa 3aBOPAXKUBAIOIIAAL 331248 OKOJIIOBHEIBAIA MHOIMX BEJIUKUX
maremaTukoB. Tax, ko6 Bepuymrin (1654-1705) B cBoen kuure Ars Conjectandi ¢ TOpAOCTBIO TH-
CaJ O TOM, YTO OH CMOT «CIOXKUTH JeCATHIE CTEIIEeHN MEePBOU THICAYIN HATYPAJTbHBIX TUCET MEHBIIE,
deM 3a TOJOBHHY YeTBEPTH Jaca»', a B mepsoM HoMepe xypHata «KsamT» 3a 1989 r. akagemmx
U. M. Tenbdang BcioMuHAT, ITO B IOHOMIECKWE T'OABI PEIIEHNe DTOW 33,a9i 3HATUTENBHO TOBJIN-
AJI0 HA €ro CTAaHOBIeHWE Kak mMaremaTuka. VTak, o60o3HadnM 4depes Si(n) cymMmy k-BIX CTemeHen
MEPBLIX 7 HATYPATbHBIX TUCET:

Son) =142+ - 40’ =1+141+---+1=n
n
Sin)y=1"+2"+ - +n' =142+ - +n=n(n+1)/2
Sy(n) =1"+2*4 .-+ +n°
Ss(n) =13 +2° 4+ ... +n? uT. I

3AIAYA 9.12. Buipasure So(n) wepes Si(n) u Sp(n), 3arem Beipasure S3(n) gepes So(n), Si(n) u Sa(n).
Nanee, maigure asabie popmyast aaa Sy(n) =14 +24 4+ ... +n*u S5(n) =1° +2° + .. 4+ nd.

1 Cm. yxe murupoBannyio Haymu kHury: K. Astepaeny, M.Poysen. Kaaccuueckoe 66edenie 6 COBPEMERHYIO MEOPUIO
wucen. M., Mup», 1987.

27



3AIAYA 9.13"". Bripazure cymmy k-bIX CTENEHEN HATYPATLHBIX THACET IE€PE3 CyMMbI MEHBIINX CTEre-
HEH.
OTBer K mocIeIHeN 3a4ade qaneko He mpocT. TeM He MeHee, 06 Sk (n) MOXKHO CKa3aTh KOe-uTo.

3AIAYA 9.14. Nokaxwure, aT0 Sk(n) asagerca maorownenom (k+ 1)-oi cTenenw OT N U BBIACHUTE Y€MYy
y DTOT'0 MHOTOYICHA, PABHBI

A) K0>(pPUIMEHT MPU CTAPIIEN CTETEHN 1

B) CyMMa BCeX KOX(DPUIUEHTOB.
3AIAYA 9.15"". TlogymanTe, 9To Ob1 BBl MOMIN emme cKa3aThb 0 KO3 UIMEHTAX MHOMOWIEHOB Sk (n)

AnanuTudyeckue npueMbl CyMMUPOBaHuA. KpoMe paccMOTpEHHBIX HAME CITOCOO0B, CYIIIECTBY-

€T MHOXKEeCTBO KPAaCHUBBIX MPUEMOB CYMMWPOBAHUA, UCHOIL3YIOMNUX AuddepeHnnaTbHOe U NHTe-

rpaJbHOe NCYUCIeHNe, & TaKXKe IPyrue MeTOIbl U3 MaTeMaTHIecKoro anaan3a. Hampuvep, cyMMbr
n

o0 o0
BUAA » , ng" WIM Y, — MOXKHO PACCMATPUBATHL Kak GpyHKIuu oT ¢. Te, KTO ymeeT auddepeniu-
n=1 n—1 T

(o)
pPOBATh U MHTEIPUPOBATH, JEIKO c006pas3AT, 4To GyHKIus S(q) = g nqn_1 €CTh He IYTO NHOEe KaK
n=0

= 1 1y 1
npousBogHas or dyHkunu f(q) = " = ——. Toosromy, S(q) = f'(q) = < ) = 5
ot l—gq l—q/  (1-gq)
=~ 1
[is MoACIeTa e, CKAKeM, CyMMBI E ] "1 gyxKHO, HAOGOPOT, MIPOMHTErPHPOBATE (hYHK-
n
n=>0
1
o f(g) = ¢

§ 10 CymMupoBaHUe TPEYTOJbHBIX U KBAJAPATHBIX YHCEJ

B sTom maparpade MBI mOTBITaeMCA MOKA3aTh, KAK Pa00OTAIOT PAa3HBIe TPUEMBI CYMMUPOBAHUA,
ONMMCAHHBIE B DTOW KHUTE, HA MPUMEDPE BBIYUCAEHUS CYMM TPEYrOJbHBIX U KBAJPATHBIX HHUCET.
[Tpoursa sToT 3akmounTenpHb maparpad, Ber mposepute, xoporno au Ber ocBomwin npeasraymmme
pasgensl (a ecau ke BBl TOTBKO HAYaIM YUTATh KHATY C DTOTO MECTa, TO MOMYYUTEe XOPOIIee
IPEICTABICHUE O BCEM €€ COMEPKAHUN ).

Haurem ¢ TOro, 9To cymMma MepBBIX 7 TPEYTOIBHBIX YHCET JeT'KO BBIPAXKAETCA depe3 CYMMY
HIEePBBLIX 71 KBAAPATOB U HAOOOPOT:

1

P+2%24+ o 4n?=2 (N +Th + ...+Tn)_%
1 n(n+1

ATt A Th=5 (12+22+---+n2)+¥
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B camowm gere,

1-2 2.3 n-(n+1
2 2 2
1
:5(12+1+22+2+---+n2+n):
1 1
25(12+22+---+n2)—|—§(1+2+---+n):
1 1
:§(l2+22+---+n2)+7n(n;r )

[TopToMy, BEIMHCAAS OTHY CYMMY, MBI O THOBPEMEHHO BBEIMHCIAEM U IPYTYVIO.

'EOMETPUYECKOE CYMMUPOBAHUE. YTOOB TOACIUTATE CYMMY HEPBBIX 72 TPEYTOJbHBIX THCEJT Te0-
MeTpuieckn (T. e. pa3pes3asd W CKIAABIBAA) HAM MPUIETCA BMECTO KBAIPATUKOB UCIOAB30BATH
KyOUKW, U TeM CaMbIM, PUCOBATH OObeMHBIe KapTUHKU. [lepBoe TpeyroabHOe YHCIO Tenmepb M30-
O6paxaeTca OTHUM KyOWKOM, BTOpOe — TpeMmd W T. 1., Kak Ha puc. 10.1:

Y

Puc. 10.1. TpexmepHOe TpeyroabHOE IUCIO.

[ToctaBuB apyr Ha Apyra Takue (pUTypKu U3 KyOUKOB, MBI MMOTYIUM TPOCTPAHCTBEHHOE U300paKe-
HIe CyMMEI TIepBBLIX 7 TPeyTrOJbHBIX UHCeld B BHUAE CTYIeHUYATOH TPeyroJIbHON MUpaMUIB, Kak Ha
puc. 10.2 (Bupodvem, xeJqawomne MOTYT 000UTUCH Ge3 KyOUKOB u riaageTh Ha puc. 10.3). TlosTomy

def
cymma IT, = Ty +To + -+ - + T, HA3BLIBALTCA TAKXKe N-THIM NUPAMUIAALHIM TUCIOM.

Y Y

Puc. 10.2. Puc. 10.3.

B §3 mna BBYMCIEHUSA N-TOTO TPEYNOJBHOIO YHUCAA MBI CKIAIBIBAIN W3 JIBYX CTYHEHIATHIX
TPEYrOJBHUKOB MPAMOYIOJBHUK, KaK OBLIO TMOKa3aHO Ha pPUC. 3.2, KOTOPHIA Ha A3bIKE KyOWKOB
MpeBpaIaeTcsa B TPEXMEPHYIO KapTUHKY, n300pakenHyio Ha puc. 10.4:

Y

"mpeyeoavrnas nupamuds nmx mempasadp — 5>TO MHOTOTPAHHUK, MMEIOIINH 4 BEPITUHEI 4 TPEyrOILHEIX T'DAHY
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Puc. 10.4.

[Tomo6HBIM XKe 06pa3oM, I BEITUCICHUA N-T0 MUPAMUTATILHOTO YUCTIA MBI TOTOJHUM MTUPAMULY,
nokazaHuyio Ha puc. 10.3, 10 IPAMOU TPEYyrOILHON MPU3MBI AN XK€ 10 MPAMOYIOJBHOIO TapaJLie-
Jeruriea — 0O0BeMBI 000UX DTUX T JETKO TMOACIATATh.

[lomoHeHNE CTYEHYIATON MUPAMUIBI BHICOTHI 1 [0 CTYHEHYATON MPU3MBI BEICOTH N + 1 moKa-
3aHO Ha puc. 10.5:

77

Puc. 10.5.

3AIAYA 10.1. Hanaure o6bem npusmbl Ha puc. 10.5 (T. €. BBIACHATE, CKOILKO KyOUKOB YXOAUT HA €e
MOCTPOUKY ).

[Moraagum Teneps Ha puc. 10.5 moBHmMaTenbHee. CTymeHYATHIN TPEYTOJIbHUK, 3AMOTHAONMNA k-
THIM, CIUTASA CBEPXY, DTaXk UCXOTHOUW MUPAMHUIBI, BLICTYIAET U3-TOJ mpensiayiuero (k — 1)-oro
DTaXka POBHO k KpanHUMU KyOMKAMU, WIYIIAMHI MO €ro rumoTeHy3e. IToOsl 1o06paThCsa 10 BepXa
OPU3MBI, HAa KAXIBIU U3 DTUX Kk BBICTYMAONNX KYOWKOB HYXKHO TOCTABUATH CTOJOWK BBICOTOU B
k xybuxos. Takum 06pa3oM, Ha BBHICTYMAIOMIEN YaCThIO k-TO CBEPXY DTaKa MUPAMUILI B MPU3Me
Je:KuT poBHO k? Ky6ukoB. CKIaTbIBag MO BCEM ATazkKaM, MOIyHUaeM, UTO 00beM IPU3MbI paBeH

T+ T+ - +T+1P+2°+ - +0n° =
=T +DL+ -+, +2 (T + T+ - +Tn)—w
Teneps ocTaeTcs TOIBKO BOCHOIB30BATHCA pe3yabTaToM u3 3am1. 10.1.
3ATAYA 10.2. Iomb3ysacs 3an. 10.1, puc. 10.5 u OpeabIAyUIIMYU PACCY XK JEHUAMUI, BHIYUCIUTE CYyMMBbI
P4+22+ . 4?2 u T+ T+ - + T, .
Kak MBI y2Ke TOBOPIIN, BMECTO TPEYTOJbHOU MPU3MbI MOXKHO HCIOJB30BATH MPAMOYTOJILHBIN TIa-
paaaenenunen nim Kyo.
3AITAYA 10.3. Hapucyure ¢purypy, OCTAIOLIYIOCA IIOCIE BEIPE3aHUA U3 KyOa pasMepa 1 X n X n yIJIOBOI'0
Kybuka pasmepa (n — 1) X (n — 1) x (n — 1). Kakon y nee o6bem ?
OTBeT Ha MepBBHIM BONPOC 3aJa4u HapucoBaH Ha puc. 10.6, a pagom, mHa puc. 10.6, mokasano, Kax
13 TaKuX (PUIypPOK CAOKUTH KyO pa3mMepa n X n X n.
S3ATAYA 10.4. Beraucaure cyMMBI TPEYTOIBHBIX W KBAIPATHBIX YUCE], MOab3yAchk puc. 10.6 u puc. 10.6

277 77

Puc. 10.6. Puc. 10.7.
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[IBOHOE CYMMUPOBAHUE. Hangem Temnepb cymMMy HepBBIX 1 TPEYTOIBHBIX UUCET METOIOM IBOU-

Horo cymmupoBanud. [lockoabky Ty =142+ 3+ --- + &k, MBI MOXeM HAINUCATh
no+ L+ o+ -+ T+ T, =
= 1 + 1 + 1 + + 1 4+ 1 +
+ 2+ 2 + + 2 o+ 2+
+ 3 + + 3 + 3 +

+ n
[lomoHIM DTY TpPeyroabHyo TaOIUIy IO KBaIPATHON
1+ 1 4+ 1 +---4+ 1 4+ 1 +
+ 2 + 2 4+ 2 4.4+ 2 + 2 4+
+ 3 3 + 3 +--4+ 3 4+ 3 +

+ (n“—.l) + (n.;.l) + (n.;.l) + .- - .- + (n“—.l) + (n‘;-l) +
+ n 4+ n + n +n+ n + n

n(n+1)
2

. [logcauTaem Temepb, HA CKOIBKO OTINIAIOTCA

Cymma 9mcen B KaXJI0M CTOJI0OIE KBaJIPATHOU TaOAUIBl paBHa 1, =

n?(n+1)

, I 3HQIUT, CyMMa

BCEX YMCET B KBAaIPATHOU TAOIUIE PABHA,

CYMMBI 9HCeJI B KBAAPATHOU W TPeyroabHOU Tabiumax. Bo BTOpoW CTpoKe MBI JOOABUIN OTHY
IBOUKY, B TPETheW — 1IBe TPOUKHU, T. €. 2 - 3, B I€TBEPTOU — TPU UY€TBEPKH, T. €. 3 -4, U T. 1.
Haxowemn, k n-ton crpoke npubasuiock n (n — 1). Takum 06pazom, cymMMa B KBaApaTHON TabauIe
OOJIBIIE B TOYHOCTH HA CYMMY y060EHHbIT TPEYTOJbHBIX UUCeT, T. €. Ha

12423434+~ +(n—1n=2T1+ - +Tp_1) .

Mger Inoay4vaeM COOTHOLIECHUE:

‘(n+1
T+ Tot o +Tp+2 (T +Ts+ -+ +Tn_1):%
2
1
orkyaa 3 (Th + - -- +Tn)—2Tn:%,T. e.
2(n + 1 1 2
3(T1+T2+-+Tn):%+n(n+1):”(”+ 2)(”+ )|

1 .
u s3uayut, 11 +Th+-+ T, = 5" (n+1) (n+2). He mpaBa ., mpeII0KEeHHEIN TOJIBKO 9TO CIOCO0
JIBOMHOTO CYMMIPOBAHUA B Y€M TO IMOXOXK HA IPEIBIIYIIee DeOMETPUICCKOe peleHue 7

3ATAYA 10.5. Ilepenumure Bamre reomeTpudaeckoe pemenue 3aa. 10.2 Ha A3LIKE TBOMHOTO CYyMMEIPO-
BaHua (mpum >TOM BaMm mpuaeTcsa QOMOMHATH TPEYyTOMbHYI0 TaOIWIly N0 MTPAMOYTOABHON ! ).

3AMAYA 10.6. [Tpm momomm ABOWHOrO WIM TPOUHOTO CYMMUPOBAHUA HAUTUTE:

A) cymmy kBagpaTos 12 422 + ... +n?;
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B) cymmy Ky6os 13 +23 4+ .. 4 n?;
B) CyMMy MEpPBBIX N MUPAMUAAIbHBIX uucen Iy + IIs + --- + I, vae

k(k+1)(k +2

[IPUMEHEHUE TEOPEMBI CJOXKEHUA. Eie aBa crocoba cyMMuUpPOBaHUSA TPEYTOJbHBIX 9HCET OCHO-
BBIBAIOTCA HA MEOPEME CAOHCEHUA W3 3a1. 2.12, cornTacHO KOTOPOU

Tn+k:Tn+Tk+nk

C 0JHOU CTOPOHBI, MBI MOXKEM HAINCATD

T+ To+Ts+Ty+ - +Topy +Top =
= (T 4+ D)+ (Ts+Ty)+ -+ (Top_y +Top) =22 +42 + -+ (2n)* =
=4 (P+2°+ - +0))=8(Ti+T+ - +T,)—2n(n+1).

C apyrou CTOpPOHBI, IO TEOPEME CIOKEHUS

Top1+Tage+ - +Thyn =
=T, +Tv+n- )+ (T, +Th+n-2)+ --- + (T, + T, +n-n) =
=nTy+Ti+To+ - - +T,+n(14+2+ - +n)=
=2nT,+ (T +To+ ---+T,) .

n MBI MO2KEM HAIINCaThb

h+Th+ - AT+ T+ -+ T =
=T +Th+ - +T)+2nT+ (T +To+ -+ +T,) =
=2 (N +To+ - +T,)+2nT,.

CpaBHEBas IBa MOJTYIEHHBIX BBIPAKEHUA NI CyMMBI 1) + - -+ + Th,, MBI 3aK.II09aeM, ITO
8(Th+To+ -+ +Ty) —2n(n+1)=2(T1+To+ -+ +T,) +2nT,,

orkyna 6 (Th +To+ -+ +Ty) =2nT,+2n(n+1)=n(n+1)(n+2).
BTopo#t ¢noco6 BEMUCICHUA TUPAMATATLHOTO ducaa I, KOMOMHEPYET TeOpeMmy CIOKCHUA C
JTBOUHBIM CYMMUPOBAHUEM:

L+t - +T, =
=()+1+2)+(1+2+3)+1+2+3+4)+ -+ (1L +2+3+ - +n) =
=n-1+4n-1)-24+n-2)-3+---4+3-n—-2)+2-(n—1)+1-n=

=T —Th—T)+ (T — T =Ty 1)+ (Topr — T3 =T 2) + -+
A (T =Ty = T3) + (T = Tt = T2) + (T = T, = Th) =
=T~ (T —Toa+ - +T) — (M1 +To+ - +7T,)

1
otkyra 3 (I1+ 1o+ -+ + 1) =nTh = §n(n+1) (n+2).
3AIAYA 10.7*. TlpugymanTe aHAIOT TEOPEMBI CIOXKEHUS /IS MAPAMUAJATHHBIX TUCet [Ty, 1 ,.

MHoromepubie mupaMu JaabHBIE YUCAA. 1HUCIA, C KOTOPBIMEA MBI UMEEM eJ0 B 3TOM Mmaparpa-
(e — HATYypaJIbHBIE, TPEYTOJbHBIE, TUPAMUIAIBHBIE — CTPOATCA MO OYeHb MOXOXKUM TTPABUJIAM:
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n-0€ HATYPAJILHOE IUCI0 N IPENCTABIACT COOOU OTHOMEPHYIO MupaMuy (OTPe3oK) CO CTOPOHOU [IJIWHLL 1, U PABHO
n
T+1+14 - +1==;

1
n-oe TpeyroapHoe ducao T, npencrasiseT cOO0N IBYMEDPHYIO MUpAMuLy (TPEyrolbHUK) CO CTOPOHOU [IJIVHBL 1 1
n(n+1)

n-oe nupaMugaIbHOe ducao I, npeicrapiser coOG0U TPEXMEPHYIO nupaMuy (TE€TPasap) CO CTOPOHOU IJIWHBL N U

1 2
paBHOT1+T2+T3+ -4+ T :n(n%)(gﬂ;

n-0€ .. .~IbHOE 9UCJIO . .. IPEICTABIAET COO0U YETHIPEXMEPHYIO NUPAMUAY (IeTHIPEXMEPHBIA CUMILIEKC) CO CTOPO-
HOU MIWHBLI N 1 paBHO II1 + s + I3+ --- + I, = ....

3ATAYA 10.8". 3anorHUTE MIPONMYCKM B MOCIEAHEM ab3alle TPeALIAYIIETro TePeTHa W JOKAKUTE TPe/-
JoXeHHyio BaMu mpu 5TOM (hOpMYIy IS N-TOTO €THIPEXMEPHO-TUPAMUAATEHOTO aucad 11 + I1s +
I3 + - -+ + II,,. llombITanTeCh TPOAOMKATL TEPEIEHD JATBIIIE.

3ADAYA 10.9%. TlonbiTanTech MPUAYMATH TEOPEMBI CIOXKEHUA A 9€THIPEXMEPHBIX, MATUMEPHBIX 1
IPOYUX MHOT'OMEPHBIX NUPAMATAIBHBIX IHCEN.

B macToAmmMUI MOMEHT MBI ViK€ HAYMHAEM BBIXOAWTHL 33 €CTECTBEHHBIE PAMKHU DTOW KHUTH O
qrcaaxX U cymMMmax. /[eqo B TOM, 9TO MHOTOMEDHBIMI TUPAMUIAIBHBIMI TUCIAMEA VI0OHEe BCEero 3a-
HIMATBCA B pAMKAaX IPYTOM MaTeMATHIeCKON TUCIUILINHEL — KOMOUHATOPUKY, KOTOPYIO, KOHETHO
XKe, CTOUT U3YIUTh 0OCTOATENLHO, MOCBATUB DTOMY OTAeJIbHOE BpeMs (ABTOPHI PACCUATHIBAIOT B
CKOPOM Oy AyIIEM HAMKCATH M0 KOMOMHATOPUKE KHUKKY BPOJE DTOM). 31eCh kKe Mbl ONDAHUIUMCA
TeM, 4TO JUIIbL HEMHOTO IPUOTKPOEM IBEPh B €€ YAUBUTEAbHBIN MUD ¥ 0OCYIUM TOIBKO OAHY (U3
0Y€Hb MHOTUX) KOMOMHATOPHBIX WHTEPIPETANNN MTUPAME IATBHBIX HCE.

CymMmupoBanue o TpeyroabHuky Ilackana. B §5 Mbr Bugenn, 910 psax e IMHALL, HATYPAJIbHBIN
DA ¥ DAL TPEYTOIbHBIX YHCET IPUCY TCTBYIOT Ha Tpeyroabuuke [Tackans (em.3an. 5.11 u3an. 5.10):

1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 3 3 21 7 1
1 8§ 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
110 45 120 210 252 210 120 45 10 1

Puc. 10.8. Tpeyroapuuk [Tackaus.

3AMAYA 10.10. Hanaure B Tpeyroabauke [lackaisa pALbl MUPAMUAATLHBIX U Y€ THIPEXMEPHBIX TUPAMU-
JAJBHBIX THCEI.
HamomuuMm, 9T0 cTpokm TpeyroabHuka [lackans HyMepylOTCsS CBepXy BHU3, HAYUHASA C HYJEBOTO
HOMepa, a UMCIa KaXKIOW CTPOKH — CJIeBa HAPABO, TaKiKe HAYUMHAA C HYJIeBOI'O HOMepa. dmco,
crosmiee MoA k-THIM HOMEPOM Ha N-TOM dTaxKe, 0603HATAETCA Crlf (qUTAETCA (D W3 DH MO Kay)
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U HA3BIBALTCA 4UCAOM couemanut u3 n no k. Kak ver Bugean B 3am. 5.10, duciaa 3amoqHAIOT
TPpEYIr'OJbHUK 1O TAKOMY MMPaBUIY: BIOJIb OOKOBBIX CTOPOH CTOAT €AVUHUIIBI, 1 KaXK 10€ 91UCJI0 BHYTPHA
TPEYrOJBHUKA PABHO CYMME IBYX CTOAIINX HAJ HUM YUCET U3 TPEAbIAVIIEd CTPOKH, T. €.

Ck=cktlyck | (10-1)

DTO MPABUIO TMO3BOIAET CPABHUTENBHO OBICTPO 3AIOTHUTE JI000€ HAepe ] 3aJaHHOe YUCI0 CTPOK.

3AMAYA 10.11. [lauTe ompexgenenue n-Toro k-MEPHOTO MUPAMUIATBLHOTO YUCIA. KaKOMy YHCIYy COYe-
TAHUU OHO PABHO?

SATAYA 10.12. KakoMy 9mCIy COYETAHUU PABHBI CyMMBI:
A) O+ Copy + Cipp+ - + Ol
B) CO+C! | +C2%_,+ --- (kcTaTm, CKOTHLKO TYT ClaraeMbrx 7 ).

YT06B MOIYINTEL OOLIYIO (POPMYIY MIA UUCIA COYETAHUU, ABHO BBIPAKAIOIIYIO C,’f qepe3s n u k,
MOYXKHO BOCIIOTB30BATHCA 3a1. 9.9, Tre 3TO YUCJI0 WHTEPIPETUPYETCA KAK KOTUIECTBO BCEBO3MOK-
HBIX MapIIPyTOB, KOTOPBIMU IIAPUK MOXKET yMacTh B k-TYI0 KOMHATY N-TOTO DTaXa JabUPUHTA
Ha puc. 5.1. Kax s Takon MapuipyT, B CBOIO O4YepeIb, MOXKHO OMUCATH, CKa3aB Kyla — HAIPaBO
WA HAJEeBO — TMOBEPHY. MAPUK CHAYATa Ha HYJEBOM DTayKe, TOTOM Ha MEePBOM DTaxKe, TOTOM Ha
BTOPOM ¥ T. 1. BILIOTH 10 (n — 1)-ro sTaxa. Ecau 0603Ha9aTH TOBOPOT HANPABO OYKBOU I, a MO-
BOPOT HAJEBO — OYKBOMU JI, TO IMOCIEI0OBATEILHOCTE MOBOPOTOB BAIMIIETCA CIOBOM, COCTABICHHBIM
n3 OykB 1 u m. Bcero »To c10Bo OymeT cocTOAThL w3 N OYKB, a TaK KaK IMIAPUK OKA3bIBAETCSA B
pesyabTaTe B KomMHATe N £, T. e. JOMKeH OyAeT caelaTh POBHO k MPaBBIX TTOBOPOTOB'.

Takum o6paszom, KCKOMOe HHUCJI0 MAPIIPYTOB PABHO KOJIUIECTBY BCEBO3MOXKHBIX 1-OYKBEHHBIX
CJIOB, COCTABJICHHBIX U3 k OyKB 1 u (n — k) OYKB I, WIN UHAYe, KOMUIECTBY CIOB, KOTOPBIE MOXKHO
MOJYYIUTDH TEPECTABIAI OYKBHI B CJIOBE

YT0o6BI MOACIUTATE ATO KOJAUIECTBO, MBI CHAYAJA BBIACHUM, CKOJBKO CJIOB MOXKHO MOJIYIUTH, Te-
pecTaBas OYKBBEL B CJOBe, HE COJAEpPXKAIIEM TOBTOPAIOMUXCA OYKB.
3AIAYA 10.13. CkoabKO CI0B (HE 006A3aTEIBHO OCMBICIEHHBIX | ) MOXHO MOy YUTh MEPECTABIAA OYKBBI
B CJIOBaX:
A) OK, pOK, YPOK, TYDOK;
B) B IPOU3BOILHOM k-GYKBEHHOM CJIOBE €3 MOBTOPAIOMUXCA OYKB 7

Ecau B cioBe ecTh moBTOpsonmecs OYKBbBI, KaK, CKaXXeM, B CIOBE TOIOP, TO MBI CHaYaJIa CAeIaeM
X Pa3HBIMU, CHAOAWB ABe OYKBBHI 0 MHIEKCAMU, T. €. 3aHyMepoBaB ux. [lepectanisaa 6yKBBI B CIOBe
TO1IO9P, MBI MOXKeM TOIyanTh 5! = 120 pasubix cioB. Ecau MbI Temeps cOTpeM WHIEKCHI, TeIaolme
aBe GYKBBI O PA3IWMIHLIMU, TO HEKOTOPBIE pas3HbIe CI0Ba OyAyT MPEBPAIIATHCA B OJTMHAKOBHIE.
Hampuwmep, po,mosT U po,mo T NpPeBPATATCA B OJHO U TO XKe CIOBO pomoT. ToYHO Tak XKe U B
a000€e Ipyroe CJIOBO ¢ HEHYMepOBAHHBIMU OYKBAMU TPEBPATATCA MPU CTUPAHUN HYMEPOB POBHO
IBa CJIOBA C HYMEPOBAaHHBIME OyKBaMmu, 10O 3aHYMEPOBATH ABe OYKBBI 00 B KaXKIOM CJIOBE MOXKHO
poBHO aBYMs crocobamu. [TosTomy, mepecraBisis OYKBBI B CIOBE TOIOP, MbI moxydaeM 5!/2 = 60
PA3HBIX CJOB.

! MBI MOHIMAaEM WIEBO» U «(IPABO» C TIO3UIINY BHEITHErO HAGIIOJATEN, TAK UITO, HAIPUMED, CIOBY, COCTOAIIEMY 113

OMHUX OYKB II OTBEYAET ABUKEHUE BIOJb JEBOU MPAHUIILI JAOUPUHTA
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3ALAYA 10.14. CkonbKo c10B (He 06A3aTEIbHO OCMBICIEHHBIX | ) MOXHO MOXYIUThH MEPeCTaBIAL OyKBbI
B CJIOBaX:

A) KOK, KypPOK, MOIOKO, KOIOBOK;

B) 3181 ...81828...8 ... Ak - - Ak

~~

my mso my
B) aa...a66...67
S—— N——
k m

WTak, eciu BB pemIman NpeIblIyIIVIO 3a1a9y, TO MOHATH, ITO

ok — n! _nn-1)n-2)---(n—k+1)
"kl (n— k) k(k—1)(k—2)---1 ’

B YACTHOCTHU, MJAA OAHO-, OBYy-, TPEX- W YETHIPEXMEPHBIX MUPAMHUAAIBHBIX YUCEN MBI MOJYYaeM
GOpPMYIBI:

n

oMWY TyrT+ - Fin=C

n

9) def “~ ) ~nn+1)
n e S g, = M0 e
=1

def & @_nnh+1)(n+2)
TEED Sy CE USRI RS By
=1

of O 1 2 3
Hr(z4) def Zﬂi(b’) _n (n+1) (7?2: ) (n+3) _ 024-2
=1

B sakmodenme mpuBegeM elre HECKOJIBKO 33aJat, CBA3BIBAIOIIMNX COUYETAHUA CO CTENeHAMH U
cymmamu creneren. [Ipm ux pemennu Bam nmomaxoburca dpopmyra us 3an. 5.12 u 3ax. 5.13 mia
packpeITuM CKOGOK B BeIpaxkenusax (1 4+ )™ u (a + b)™.

3ALAYA 10.15. Beraucanre CO+CL+C2+ --- +C1 nC)—Cl+C%2— ... +(=-1)"Cn.
3ATAYA 10.16". Boruumcamre CyMMBL:

A) CY+C2  +Cpg+ -

B) CL+2C2+ - +nCP

B) Ch+2CL+ - +(n+1)Cl

r) (G + (CR)" + -+ (Cp)’

3ATAYA 10.17. BeipasuTe n-Toe TUPAMUIAILHOE UUCIO Y€pe3 CYMMY KBAapPATOB U KyOOB MEPBBIX 7

HATYPATBHBLIX THCET" ¥ IPU MOMOIA HTOT0 BHIPAKEHHA BuIaucamTe cymmy 13 + 23 4+ ... 4 nd.

3AZAYA 10.18. Brpasus C2 wepes cymmsr creneneit, soramcanre 14 4+ 24 + ... 4 nt,

!Bosnbmon wHTEpec, Kak JerKo MOHATH, BEI3LIBACT 0OpATHAA 3a1a4a: BEIPA3UTH CyMMY k-THIX CTeIeHell [uepes
6uHOMEanbHbIe Kodddunuentsl. Ee Buepsoie ucciaegosai Axob Bepuymmu. KosddumuenTsr, yuacTByoume B BEIpa-
JKEHUAX CyMM CTEIEeHeN Jepes C’ﬁ HA3BIBAIOTCA B €r'0 49eCThb wucaam, Bepuyaau.
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OTBeThI, pelIeHns, MO ACKA3KH

B sToM mocaegHeM paszjene MPUBOAATCA OTBETHL U YKAZAHUA K HEKOTOPHIM (IATEKO HE BCEM)
sagadaM. He cmemmre 3araAgbIBaTh CIOJa — IMONBITAUTECH pemnTh 3axady camu! [laxke ecam y
Bac nukak He moayvaeTcsa 0q0eTh TY WKW UHYIO 3a4a9Ty, JYHUIIe OTJIOKUTE ee MITYPM Ha KaKOe-TO
BpeMsA, MOYUTAUTE APYTUE Pa3AeTbl DTOU KHUXKKM, a MOTOM BHOBb BEPHUTECH K Pa3MBIILICHUAM
HAJ He — YacTO TPYIHAA 3a1a49a HEOXKUJAHHO PelraeTcsa «camMa coOO0M» MOCIe TaKOoTo MepephiBa.

. K 3agagam u3 §1

. K 3agadamMm u3 § 2

.3: n = 36.

3
4: 52 =32+4210> =62 + 82 u 132 = 122 + 52

2.2: Bcero 12-KIeTOYHBIX TPAMOYTOMBHUKOB TP!: [T 111111111, HH+H, @ .

[ S )

. K 3agadamMm u3 §3
. K 3agadaMm u3 §4

. K 3agagam u3 §5

5.9: oTBeT mpexncTaBiaeH Ha puc. 10.8
. K 3agaiamMm u3 § 6

. K 3agadam u3 § 7

7.1: PaCCTOAHUE MEX Iy MENIeXOAaMU YMEHBIIAETCA CO CKOPOCTBIO U] — Vg KM /u; TIOSTOMY OHU BCTPETATCA

KM, & BTODOU ——————— KM .

(v1/v2) — 1

Yepe3s ———— YaCOB, U 33 3TO BPEMS MEPBLIN MEMEX0 I MIPOUIET
V1 — U2 1 — (v2/v1)

. K 3agagyam u3 § 8

. K 3agagyam u3 §9

9.3: nyHKT (a) €CTh YACTHBLIN Caydayl MyHKTa (B); B (B) Xe HAJO HAUCATH:

11 (1 1 )
Ak +1 d \ ag Ak 41

rae d — pasHOCTBb Tmporpeccuu. [loacTaBadas 5TO B CyMMY U BBIHOCA d 33 CKOOKY, MOJYIUM OTBET:

1<1 1 )_ n
d \ar Gpis1 a10n4+1

B mymxTe (6) HAZO TPEACTABATE KaXI0€ CIATAEMOE B BUJIE:

1 1 1 1 112 1
k(k+1)(k+2) 2 <k(k+1)_(k+1)(k+2)> T2 <E_k+1+k+2> ‘
11 1

[Tocre Bcex cOKpalleHn OCTaHEeTCA — — ——

2 100 ' 101"

. K 3agagam u3 § 10
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